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1 Problem 1

a. Let X � N
�
0; �2

�
. Derive the following moments of the truncated distribution given that a < X < b

E (Xj a < X < b)

V ar (Xj a < X < b)

Solution The most obvious �rst step for this problem is to derive the pdf of Xj a < X < b, which I will
now do. First note that

FXja<X<b (x) = Pr (X � xj a < X < b)

=
Pr (fX � xg \ fa < X < bg)

Pr (a < X < b)

=

8><>:
Pr(a<X<b)
Pr(a<X<b) = 1
Pr(a<X<x)
Pr(a<X<b)

0

x � b
a < x < b
x � a

= 1fx�bg +
Pr (a < X < x)

Pr (a < X < b)
� 1fa<x<bg

= 1fx�bg +

R x
a
f (t) dt

Pr (a < X < b)
� 1fa<x<bg

Then we have

fXja<X<b (x) =
d

dx

"
1fx�bg +

R x
a
fX (t) dt

Pr (a < X < b)
� 1fa<x<bg

#

= 1fa<x<bg
1

Pr (a < X < b)

d

dx

Z x

a

fX (t) dt

=
fX (x)

Pr (a < X < b)
1fa<x<bg (1)

Where I treated the indicator functions as constants under di¤erentiation with respect to x and I used the
fundamental theorem of calculus for the second equality. Here, since X � N

�
0; �2

�
, we have that

fX (x) =
1p
2��

exp

�
� x2

2�2

�
.

Next, to simplify (1), we note that

fX

�x
�

�
=

1

�

�
1p
2�
exp

�
�1
2

�x
�

�2��
=

1

�
�
�x
�

�

1



Where �
�
x
�

�
is the pdf for X

� � N (0; 1). Also, recognizing that since
X
� � N (0; 1),

Pr (a < X < b) = Pr

�
a

�
<
X

�
<
b

�

�
= Pr

�
X

�
<
b

�

�
� Pr

�
X

�
<
a

�

�
= �

�
b

�

�
� �

� a
�

�
Where � (x) is the cdf for a standard normal random variable. Plugging this all into (1) gives us the

expression:

fXja<X<b (x) =
1
��
�
x
�

�
�
�
b
�

�
� �

�
a
�

� � 1fa<x<bg
Now that we have the pdf for Xj a < X < b, we can derive its expected value:

E [Xj a < X < b] = E

�
Xj a
�
<
X

�
<
b

�

�
=

Z 1

�1
xfXj a�<

X
� <

b
�
(x) dx

=

Z 1

�1
x

1
��
�
x
�

�
�
�
b
�

�
� �

�
a
�

� � 1f a�< x
�<

b
�gdx

=
1

�
�
b
�

�
� �

�
a
�

� Z b
�

a
�

x

�
�
�x
�

�
dx

=
�

�
�
b
�

�
� �

�
a
�

� Z b
�

a
�

x

�
�
�x
�

�
d
�x
�

�
=

�

�
�
b
�

�
� �

�
a
�

� Z b
�

a
�

y� (y) dy

=
�

�
�
b
�

�
� �

�
a
�

� Z b
�

a
�

1p
2�
y exp

�
�y

2

2

�
dy

=
�

�
�
b
�

�
� �

�
a
�

� 1p
2�

Z b
�

a
�

y exp

�
�y

2

2

�
dy

From here, we note that
d

dy
exp

�
�y

2

2

�
= �y exp

�
�y

2

2

�
And

1p
2�

Z b
�

a
�

y exp

�
�y

2

2

�
dy = � 1p

2�

Z b
�

a
�

d

dy
exp

�
�y

2

2

�
dy

= � 1p
2�

Z b
�

a
�

d

�
exp

�
�y

2

2

��

= � 1p
2�

�
exp

�
�y

2

2

�� b
�

a
�

=
1p
2�
exp

(
�
�
a
�

�2
2

)
� 1p

2�
exp

(
�
�
b
�

�2
2

)

= �
� a
�

�
� �

�
b

�

�
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Where I used the Riemann-Stieltjes integral result thatZ b

a

df (x) = f (b)� f (a)

This gives us:

E [Xj a < X < b] = �
�
�
a
�

�
� �

�
b
�

�
�
�
b
�

�
� �

�
a
�

�
In order to calculate this conditional variance, we recognize that:

V ar [Xj a < X < b] = E
�
X2
�� a < X < b

�
� (E [Xj a < X < b])

2 (2)

Calculating E
�
X2
�� a < X < b

�
:

E
�
X2
�� a < X < b

�
= E

�
X2
�� a
�
<
X

�
<
b

�

�
=

Z 1

�1
x2fXj a�<

X
� <

b
�
(x) dx

=

Z 1

�1
x2

1
��
�
x
�

�
�
�
b
�

�
� �

�
a
�

� � 1f a�< x
�<

b
�gdx

=
1

�
�
b
�

�
� �

�
a
�

� Z b
�

a
�

x2

�
�
�x
�

�
dx

=
�2

�
�
b
�

�
� �

�
a
�

� Z b
�

a
�

�x
�

�2
�
�x
�

�
d
�x
�

�
=

�2

�
�
b
�

�
� �

�
a
�

� Z b
�

a
�

y2� (y) dy

=
�2

�
�
b
�

�
� �

�
a
�

� Z b
�

a
�

1p
2�
y2 exp

�
�y

2

2

�
dy

=
�2

�
�
b
�

�
� �

�
a
�

� 1p
2�

Z b
�

a
�

y2 exp

�
�y

2

2

�
dy

And we have, letting

u = y; du = dy;

dv = y exp

�
�y

2

2

�
dy = � d

dy
exp

�
�y

2

2

�
dy = �d

�
exp

�
�y

2

2

��
v = � exp

�
�y

2

2

�
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By integration by parts
�R
udv = uv �

R
vdu

�
1p
2�

Z b
�

a
�

y2 exp

�
�y

2

2

�
dy =

1p
2�

�
�y exp

�
�y

2

2

�� b
�

a
�

+
1p
2�

Z b
�

a
�

exp

�
�y

2

2

�
dy

=
1p
2�

"
� b
�
exp

(
�
�
b
�

�2
2

)
+
a

�
exp

(
�
�
a
�

�2
2

)#

+�

�
b

�

�
� �

� a
�

�
= � b

�
�

�
b

�

�
+
a

�
�
� a
�

�
+�

�
b

�

�
� �

� a
�

�
=

a

�
�
� a
�

�
� b

�
�

�
b

�

�
+�

�
b

�

�
� �

� a
�

�
This gives us:

E
�
X2
�� a < X < b

�
=

�2

�
�
b
�

�
� �

�
a
�

� � a
�
�
� a
�

�
� b

�
�

�
b

�

�
+�

�
b

�

�
� �

� a
�

��

= �2 + �2

"
a
��
�
a
�

�
� b

��
�
b
�

�
�
�
b
�

�
� �

�
a
�

� #

Which, substituting into (2) gives:

V ar [Xj a < X < b] = E
�
X2
�� a < X < b

�
� (E [Xj a < X < b])

2

= �2 + �2

"
a
��
�
a
�

�
� b

��
�
b
�

�
�
�
b
�

�
� �

�
a
�

� #

�
"
�
�
�
a
�

�
� �

�
b
�

�
�
�
b
�

�
� �

�
a
�

�#2

= �2

241 + a
��
�
a
�

�
� b

��
�
b
�

�
�
�
b
�

�
� �

�
a
�

� �
 
�
�
a
�

�
� �

�
b
�

�
�
�
b
�

�
� �

�
a
�

�!2
35

b. Consider the following censored regression model:

Yi =

�
Y �i
0

if a < Y �i < b
otherwise

where the latent variable is given by a linear regression model

Y �i = Xi�0 + "i

where
"ijXi � N

�
0; �20

�
Compute E (YijXi; a < Y �i < b) and V ar (YijXi; a < Y �i < b). Describe 3 methods of estimating �0 and

�20.
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Solution First, recognize that

E [YijXi; a < Y �i < b] = E [ 0jXi; a < Y �i < b] � Pr (Yi = 0jXi; a < Y �i < b)
+E [Y �i jXi; a < Y �i < b] � Pr (Yi = Y �i jXi; a < Y �i < b)

= E [ 0jXi; a < Y �i < b] � Pr (fY �i � ag [ fY �i � bgj a < Y �i < b)| {z }
=0

+E [Y �i jXi; a < Y �i < b] � Pr (a < Y �i < bj a < Y �i < b)| {z }
=1

= E [Y �i jXi; a < Y �i < b]

Next, we know that "ijXi � N
�
0; �20

�
and "ijXi = Y �i �Xi�0jXi � N

�
0; �20

�
. Let Zi � Y �i � Xi�0.

Then we have that

E [Y �i jXi; a < Y �i < b] = E [Xi�0 + ZijXi; a�Xi�0 < Zi < b�Xi�0]
= Xi�0 + E [ZijXi; a�Xi�0 < Zi < b�Xi�0]
= Xi�0 + E [ZijXi; a� < Zi < b�]

Recall from part (a) the result that

E [Xj a < X < b] = �
�
�
a
�

�
� �

�
b
�

�
�
�
b
�

�
� �

�
a
�

�
Where X � N

�
0; �2

�
. Here, we recognize that Z � N

�
0; �20

�
and get the result that

E [ZijXi; a� < Zi < b�] = �0
�
�
a�

�0

�
� �

�
b�

�0

�
�
�
b�

�0

�
� �

�
a�

�0

�
= �0

�
�
a�Xi�0
�0

�
� �

�
b�Xi�0
�0

�
�
�
b�Xi�0
�0

�
� �

�
a�Xi�0
�0

�
This gives us:

E [YijXi; a < Y �i < b] = E [Y �i jXi; a < Y �i < b]

= Xi�0 + �0
�
�
a�Xi�0
�0

�
� �

�
b�Xi�0
�0

�
�
�
b�Xi�0
�0

�
� �

�
a�Xi�0
�0

�
Next, we have:

V ar (YijXi; a < Y �i < b) = V ar (Y �i jXi; a < Y �i < b)
= V ar (Xi�0 + ZijXi; a < Xi�0 + Zi < b)
= V ar (ZijXi; a�Xi�0 < Zi < b�Xi�0)
= V ar (ZijXi; a� < Zi < b�)
= E

�
Z2i
��Xi; a� < Zi < b��� (E [ZijXi; a� < Zi < b�])2

Where I used, in the third equality, the fact that V ar (a+ Y ) = V ar (Y ) when a is a constant and Y is a
random variable. Recall the result from part (a) that

E
�
X2
�� a < X < b

�
= �2 + �2

"
a
��
�
a
�

�
� b

��
�
b
�

�
�
�
b
�

�
� �

�
a
�

� #
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Substituting in Z2i for X
2 and, of course, a� for a and b� for b, we get:

E
�
Z2i
��Xi; a� < Zi < b�� = �20 + �

2
0

24 a�

�0
�
�
a�

�0

�
� b�

�0
�
�
b�

�0

�
�
�
b�

�0

�
� �

�
a�

�0

�
35

= �20 + �
2
0

24 a�Xi�0
�0

�
�
a�Xi�0
�0

�
� b�Xi�0

�0
�
�
b�Xi�0
�0

�
�
�
b�Xi�0
�0

�
� �

�
a�Xi�0
�0

�
35

Putting this all together, we get:

V ar (YijXi; a < Y �i < b) = V ar (Y �i jXi; a < Y �i < b)

= �20 + �
2
0

24 a�Xi�0
�0

�
�
a�Xi�0
�0

�
� b�Xi�0

�0
�
�
b�Xi�0
�0

�
�
�
b�Xi�0
�0

�
� �

�
a�Xi�0
�0

�
35

�

8<:Xi�0 + �0 �
�
a�Xi�0
�0

�
� �

�
b�Xi�0
�0

�
�
�
b�Xi�0
�0

�
� �

�
a�Xi�0
�0

�
9=;
2

The last part of the question asks us to consider three estimation procedures for �0 and �
2
0 in this model.

MLE In order to use the ML approach, we need �rst to set up the likelihood function. Here, we recognize
that since

Yi

L (�; �) =

nY
i=1

fYi (yi)

=
Y

i:yi�a[yi�b
Pr (Y �i � a [ Y �i � b)

Y
i:a<yi<b

fYija<Y �
i <b

(yi) Pr (a < Y
�
i < b)

=
Y

i:yi�a[yi�b
Pr (Y �i � a [ Y �i � b)

Y
i:a<yi<b

fYi (yi)

Pr (a < Y �i < b)
Pr (a < Y �i < b)

=
Y

i:yi�a[yi�b
Pr (Y �i � a [ Y �i � b)

Y
i:a<yi<b

fYi (yi)

=
Y

i:yi�a[yi�b

�
1�

�
�

�
b� xi�0
�0

�
� �

�
a� xi�0
�0

���
�
Y

i:a<yi<b

1

�0
�

�
yi � xi�0
�0

�

Where I used in the third equality the result from part (a) that

fXja<X<b (x) =
fX (x)

Pr (a < X < b)
1fa<x<bg

And the fact that for all a < yi < b,

fY �
i ja<Y �

i <b
(yi) = fYija<Y �

i <b
(yi) .

The maximum likelihood estimators �̂
MLE

and �̂2 are thus the solutions to the �rst order conditions of the
problem:

max
�;�2

Y
i:yi�a[yi�b

�
1�

�
�

�
b� xi�0
�0

�
� �

�
a� xi�0
�0

���
�
Y

i:a<yi<b

1

�0
�

�
yi � xi�0
�0

�
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Alternatively, I could have de�ned a dummy variable

Di =

�
1
0

yi � a [ yi � b
a < yi < b

And de�ned the likelihood function as

L
�
�; �2

�
=

nY
i=1

�
1�

�
�

�
b� xi�0
�0

�
� �

�
a� xi�0
�0

���Di
�
1

�0
�

�
yi � xi�0
�0

��1�Di

And taken �rst order conditions to obtain the MLEs.

NLS A general nonlinear least squares estimator is the solution to

min
�;�2

nX
i=1

(Yi � E [YijXi])2

Here, we need only derive the expression E [YijXi].

E [YijXi] = E [YijXi; a < Y �i < b] Pr (a < Y �i < b)
+E [ 0jXi; Y �i � a [ Y �i � b]| {z }

=0

Pr (Y �i � a [ Y �i � b)

= E [YijXi; a < Y �i < b] Pr (a < Y �i < b)

=

24Xi�0 + �0 �
�
a�Xi�0
�0

�
� �

�
b�Xi�0
�0

�
�
�
b�Xi�0
�0

�
� �

�
a�Xi�0
�0

�
35���b�Xi�0

�0

�
� �

�
a�Xi�0
�0

��

= �0

�
�

�
a�Xi�0
�0

�
� �

�
b�Xi�0
�0

��
+Xi�0

�
�

�
b�Xi�0
�0

�
� �

�
a�Xi�0
�0

��
Since this model exhibits conditional heteroskedasticity, we could use the more e¢ cient estimator that

solves

min
�;�2

nX
i=1

(Yi � E [YijXi])2

V ar (YijXi)

Heckman�s Two-Step Method Finally, we have Heckman�s two-step method. In this setting, which is
more general than that covered in class, I believe we would need to

1. Use MLE to obtain the estimates 
̂MLE and �̂
MLE

for the expressions 1
�0
� 
0 and

�0
�0
� �0.

2. For the model

Yi = E [YijXi] + "i

= �0

�
�

�
a�Xi�0
�0

�
� �

�
b�Xi�0
�0

��
+Xi�0

�
�

�
b�Xi�0
�0

�
� �

�
a�Xi�0
�0

��
+ "i

Substitute in the results from step 1 and use OLS to estimate the parameters �̂ and �̂ for

Yi = �0

h
�
�
a
̂ �Xi�̂

�
� �

�
b
̂ �Xi�̂

�i
+Xi�0

h
�
�
b
̂ �Xi�̂

�
� �

�
a
̂ �Xi�̂

�i
+ "i
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