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1 Hayashi Chapter 7, Analytical Exercises

1 (Kullback-Leibler information inequality) Let f (y|x;6) be a parametric family of hypothetical con-
ditional density functions, with the true density function given by f (y| x;6o). Suppose E [log f (y| z, )]
exists and is finite for all #. The Kullback-Leibler information inequality states that if

Prob(f (y|z;0) # f (ylz,00)] >0,

then
Eflog f (y|z,0)] < E[log f (y|z,00)].

Prove this by taking the following steps. In the proof, for simplicity only, assume that f (y|x;6) > 0 for
all (y,z) and 0, so that it is legitimate to take logs of the density f (y|z,@).

a. Suppose Prob[f (y|2;0) # f (y|x;600)] > 0. Let w = (y,2')" and define

Fylz0)
I (ylz;00)

a(w) =

Verify that a (w) # 1 with positive probability, so that a (w) is a nonconstant random variable.

Solution We know that

o
N

Prob[f (y|z;0) # f (y|z;00)]
f(ylz;0)

Prob {f(ylxwoo) # 1]

Prob [a (w) # 1]

And therefore, a (w) is a nonconstant random variable.

b. The strict version of Jensen’s inequality states that if c(x) is a strictly concave function and z is a
nonconstant random variable, then F [¢(z)] < ¢ (E [z]).

Using this fact, show that
Eloga (w)] <log (E[a(w)])

Hint: log (x) is strictly concave.
Solution Since this part of the question is so seemingly unsubstantive, I will begin by showing the hint:

dlog(z) 1 9%log(z) 1
or  x or2 ﬁ<0Vx750

Therefore, log (z) is strictly concave (except at 0, where it is not defined.) Since, as established in part
(a), a (w) is a nonconstant random variable, we have the result:

E[loga (w)] < log (Ela (w)])



c. Show that E[a(w)] = 1. Hint: The conditional mean of a (w) equals 1 because

Ela(w)s] = /MWme%My

ylwé’
= 0
f( y|x 90 (ylwi6o) dy

- /ﬂMa%my
1

The last equality holds because f(y|x,0) is a density function for any x and 6. Note well that the
conditional expectation is taken with respect to the true conditional density f (y|z;6p).

Solution Since E[a (w)|z] = 1, by the law of iterated expectations, we have that

Ela(w)] = E[E[a(w)]a]] = E[1] = 1

d. Finally, show the desired result.

From part (b), we know that E [loga (w)] < log (E [a (w)]). From part (c¢), we know that E [a (w)] =1 and
therefore, log (E [a (w)]) = 0. This gives us:

0 > FEloga(w)]

_ S (ylz:0)
= E@%ﬂmm%ﬂ
= Ellogf(y|z;0) —log f (y|z;60)]

= FEllog f(y|lz;0)] — Elog f (y|x;6)]

Rearranging gives us
Elog f (y|=;0)] < E[log f (y|z;600)]

Which is the desired result.



2 (Information matrix equality) For ML, the score vector and the Hessian for observation (y, ) can be
rewritten (with w = (y,2’)’) as:

dlog f (y|z;0)

s(w; ) = ———"T12
(pxl ) 00
s (w; 0 0%log f (y|z: 0
H(wi6) = f(ae’ - aeéej :
pXp

As usual, for simplicity, assume f (y|z;0) > 0 for all (y,x) and 6, so it is legitimate to take logs of the
density function.

a. Assuming that integration (i.e., taking expectations) and differentiation can be interchanged, show that
E[s(w;0p)] =0. Hint: Since f (y|x;0) is a hypothetical density, its integral is unity:

/f(y\:c;H)dy=1.

Differentiate both sides of this equation with respect to 6 and then change the order of differentiation and
integration to obtain the identity

/s<w;e>f<y|x;e>dy= 0.

(px1)

Set 6 = 0y and obtain E [s (w; 0p)| z] = 0. Finally, by the law of iterated expectations, we have E [s (w; 6p)] =
E[E[s(w;0y)|z]] = E[0] =0.

Solution The hint really solves the problem, except for one non-trivial step, but for formalities, we begin
by noting that for any 6, the function f (y|x;#) is a density function and therefore,

/f(ylw;ﬂ)dy=1

Taking derivatives of both sides with respect to 8 gives us:

_9,_20 . _ [Of(yl=;0)
0—%1—%/f(y|m,9)dy—/Tdy (1)
Next, note that
Olog f (yla:0) _ 1 Of (yl=;0)
00 f(y|z;0) 00
Or, rearranging,
of (yla;0) _ Olog f (y|=;0) ,

s (w;0) f (y|z;0)

Substituting this into (1) gives us:

0= / s (w;0)f (] 2:0) dy = By [s (w;6)] ()

(px1)

Where Ejy denotes the expectation operator given that 6 is the true value of the parameter.

Substituting 6 = 0y gives us the final result:

E[s(w;00)] = Ey, [s (w;00)] =0



b. Show the information matrix equality:

—E[H (w;600)] = E [s (w; o) s (w; 6o)'] -

Hint: Differentiating both sides of the above identity in the previous hint and assuming that the order of
differentiation and integration can be interchanged, we obtain

[ s i) ] (la0ldy = 0

(pxp)
(px1)

Show that the integrand can be written as

)
EYd s (w; 0) f (y|z;0)]

= H(w;0) f (ylz;0) + 5 (w;0) s (w; 0) f (y|x:6).

Solution Rewriting (2):
0=EBWﬁH=/Mw®fMMﬂMy

And taking derivatives with respect to 8, we have:

0

0 = o [ s f(slai0)dy

_ /%ﬁ@@f@@@@

(/H£”W”ﬂﬂw%@+ﬂwmgjwmw}@

= [H@0sGlm0 s [ 2T

[ Hwi0) £ ul0ydy + [ s (wi6)s (w36) £ (sl :6)dy
= Eo[H(W;0)]+ Ep [s(W;0) s (W;0)']

f(ylz; 0) dy

Where the fourth equality holds because
dlog f (y|=;0) 19

a0’  f(ylw0) 06’

[ (ylz;0)

Or
_ Olog f (yl30)

0
! (i) o

f(ylz;0)
Rearranging the above result gives us:

—Eo [H (W;0)] = Eg [s(W;0) s (W;0)']
Evaluating this at 6y, we have the desired result:

—E[H (W;60)] = E [s(W;00) s (W;60)']



3 (Trinity for linear regression model) Consider the linear regression model with normal errors, whose
conditional density for observation ¢ is
2
(yr — x3B)

1 1
log f (yt|xt§ﬁ702) = —§1og (2m) — §log (02) — 53

Let (3, (}2) be the unrestricted ML estimate of § = (B/, 02)1 and let (B, 62> be the restricted ML estimate

subject to the constraint RS = ¢ where R is an r x K matrix of known constants. Assume that
O = RE x R, and that E [z;2}] is nonsingular. Also, let

S| n T 21 T 0 = D IR A 0
- 0

S

a. Verify that B minimizes the sum of squared residuals. So it is the OLS estimator. Verify that /3
minimizes the sum of squared residuals subject to the constraint R3 = c¢. So it is the restricted least
squares estimator.

~ML - "ML -
Solution First, I would like to switch to more preferable notation. Let 8 = 8 and B = 5. Also, note
that Hayashi defines x; as a column vector of the data for the ¢’th observation. In class, we define

AML
it as a row vector of data for the ¢’th observation, but this will not change anything. Deriving S5,
then, we have:

logL({ytH{xt} B,o ) = %Zlogf(yt‘xt;ﬂaa2)
t=1

B
8 . 1 1 _ /62
- 5 (e om0
= _i(yt_oﬂ-;tﬁ)xt_o

Rearranging, we get:

T
Or, in matrix notation, with X = © |, we have:
:L,/
~ML
- ML —
Bur = (X'X)XY

Which is the same as the OLS estimator for 5. Proceeding similarly to derive B%L, we want to
n 1 1 o 2
e log L ({ye}] {w:}58.0%) = max <2 log (27) — 5 log (0?) ~ W)

B:RB=c et

The Lagrangian for this constrained optimization problem is:

- (y t—$;5)2
L0 \) Liogm) - 1o W=l Vo x| R —c
L(p Z ( g ( 2 g(e) - 202 (1xp) (PXk)(kgl)

t=1



Taking first order conditions with respect to 8 and A, we get:

n (yt - xéBgL
(ﬂ) T Z 2
t=1

OR
N RBZ[LZC

>$t+R’/\’:0

Or

~ML
(yt _*TQBR )xt

i — = R

=1 R
1 .
(XY - X'XBg") = RX
OR
And solving for B%L, we have:
XY - X'XBn" = AR\
XXy = XY - %RV
»ML / =1 v/ ~2 / =1 pry/
Brt = (X'X)TIX'Y - 6% (X'X) TR
= Bur — 0% (XX) TR (1)

Plugging this into the constraint:
ML

RﬂR =C

We get:
~ML _
RBp —6%R(X'X) 'RN =c¢

And solving for \':

GLR(X'X)'R'N = Rin" —ec
N = 01% Lk (X’X)_IR’Tl (RB% —c)
Finally, substituting this into (1) gives us:
Bt = Bun )T R [ROCX)T ] (Rivs o)
R

- e e [rov ] (w0 )

I claim that this is the same solution as we would achieve by estimating the restricted OLS model. To
show this, we solve for the following value

argmin (Y — XB)' (Y — XB) = argmin (Y'Y - 8'X'Y —Y'XB+ 8'X'XB)
B:RB=c B:RB=c
= argmin (Y'Y - 28'X'Y + /X' Xp)
B:RB=c

1
= argmin— (Y/Y —28/X'Y + B'X/XB)
B:RB=c 2



The Lagrangian for this problem is:

(Y'Y - 28'X'Y + B X' XB) + A(RB — ¢)

N | =

L(B,\) =
Taking first order conditions, we have:

| )
® : 3 (~2x'y + 2X’X52LS) FRN =0

(\) : RB=c
Solving for BZLS7 we have:
X'xpy = X'Y - RN
B (X)) XY — (X'X) TR
= B~ (X'X) RN (2)

And substituting this into the constraint:
~OLS _
RB,m —R(X'X)'R'N =c¢
Solving for X', we get:

_ ~OLS
RX'X)'RN = RBon —ec

N [R(XX) R B (R/}S]Lf ~c)

And substituting this into (2)

B =B — o) R [R) TR (B )

~OLS ML AOLS  ~ML
And conclude that since 8y = Bygr, we have that B = 0p

b. Let @, (6) = L Y1 | log f (y¢| z4; 8,02). Show that

. 1 1 1 SSRy
Q. (3) = ~green -5 gle (7).

- 1 1 1 SSRg
Qn (9) = —210g(27r)—2—210g( - ),

AN\ 2 A 2
where SSRy; (E > (yt - méﬁ) > is the unrestricted sum of squared residuals and SSRr <E > (yt - xéﬁ) >

is the restricted sum of squared residuals. Hint: Show that 6% = % and 6% = %.

Solution Once again, I will change notation slightly. Let 67, = 6> and 6% = &2, which are understood to
be the unrestricted and restricted ML estimators of o2, respectively. First, we will proceed to derive
67k as per the hint. The problem is to find:

202

n , 9
(Bzﬂg,&?m) = argmaxz (_;105; (27) — %log (0%) - (yt—wt,é’)>
=1



AML
Since we have already solved for 5,5 in part (a), we only have to look at the following FOC:
AML
(yt - xtBUR)

2 n
o) i ———+ )y ———=0
O e T 2

Rearranging to solve for &2U R, We have:

S (- i) =

9 N2
2(UUR) P 200R
R 1 — A~ ML\ 2
C 5Z(yt*$t5UR>
t=1
1
= —=SSRyr
n

Proceeding similarly to solve for &%, we have the following Lagrangian:

n

1 1 (ye — )2
2 2 i3
L (ﬁ,o ,/\) = E ( > log (27) 5 log (a ) = + (1;\1)) (p]x%k)(kgl) c

t=1

Which yields the following FOC wrt o2:

(02) -s-zn: (yt_xtB)R )

: 2
Solving for 6%,

1 " ~ML n
L (i) =
ORr

2(6%)" = 2
1 & X
6% = EZ(%‘%B%L)
t=1
_ Losra
n

ML - ~ML
Define ;5 = 6 and 0 = 0 in a similar shift of notation. We then have:

Qn (0 1Z<1og(27r)10g( 2)(yt2;‘2£ﬂ))

n
~ML
Substituting in 0 = (BUR , 6%]1%)’ we have:

~ ML
R " Yyr — i3
I o] (PRI P s

n

1 1 R 1 1 ~ML
= —clog(2m) — - log (ozUR) %Z(y wtﬂUR)
2 2 n260R =3

 lig(om - g (SSFum) 11 SSRus
- Tpoeldmm oo 2 (85Lum)

1 1 1. (SSRyg
= §log(27r) 3 2log< - )




~ML ML,
And substituting in 6, = (BR U2R), we have:

~ ML\ 2
(Z/t - méﬁR )

~ML 1 & 1 1 A2
Qn (OR ) = ﬁ; _510g(277)—§10g(‘71%)_ 27
1 1 oy 11 LML\ 2
— _ilog(Qﬂ-)_glog(UR)_ﬁﬁt:l (yt—mtﬁR )
B _110 2 )—llo SSRr\ 1 1 SSRp
B A R T 2 (3Lm)  n
1 1 1 SSRg
— —log(2m)— = — -1
5 log (2m) — 5 — 5 0g< - )

c. Verify that 3 given here, although not the same as —% S H (wt; 9) , is consistent for —F [H (wy; 6p)].

Verify that 3 given here, although not the same as —+ S°7 | H (wt; 9)7 is consistent for —E [H (wy; 0p)].

Hint: From the discussion in Example 7.8, 0 is consistent. As mentioned in Section 7.4, 0 too is
consistent under the null. Given the consistency of 6 and 6, it should be easy to show that 6% and &2
are consistent for o2.

Solution In order to show that plim SMEF = —E[H (w;00)] and plim S¥E = —F [H (wy; 00)], T will first
derive —E [H (wy; 0p)]. Recall that H (wy; 0p) = %

0o
1 1 — z,8)?
m (wg;00) = —§log(27r) - ilog (%) - %
1 1 2 (yt _xéﬁ)z
= —ilog(%r) - ilog (0%) - By

Taking first derivatives:

om . (yr — 2y B8) (—w4)
op o2
ig (24ys — o1 B)

om 1 (yr — xéﬂ)z
do2 202 2(02)2

And putting these together, we have:

om  om { 5% } l 7 (ot o “’tm;@ ]
0 T a2 1 om = 1 yi—z, 8
00 9 |: 0@ ] 002 T 202 + 2(02)?
Next, taking second derivatives, we have:
?*m 1,
opop o2t
0’m 1
W = - (02)2 (Teye — xtxéﬁ)
*m 1 1 o2
T e N



Putting these together to form the Hessian matrix, we have:

Pm 3(3’”>:[r‘9,(c?m) ri(aim)}

9606' 06" \ 90 oprR oS 00 00
B *%wti’é *ﬁ (xryr — 223 B)
B - (02)2 (xtyt - xtm{tﬂ) 2(012)2 - (02)3 (yt - x;&ﬁ)z

Taking expected values of each element of —%, we have:

E [0_12%962] = %E [wea}]
E L (x —mx'ﬁ)] = L(3? (96'54-&)—9033/5)]
(o2 (027 -
£ 1
e
1 1 . 1 E[(yt—xé )2}
E|- t— Ty = - 2
2077 o2y W )] 2027 T (2
_ 1 . o? 1
20272 (02 2(02)°

Putting this together yields:

_Pm
00006’

ULE [xs2)] 0 1
1

E[—H (wy;00)] = E [ 2
2(o3)

J-

With this out of the way, I will show convergence in probability element by element of % and SME to
E[—H (w;00)]. I claim that this will suffice to show the result. A richer argument could be made
using the Cramer-Wold device and noting that convergence in distribution to a constant is equivalent
to convergence in probability to a constant.

For 2%}4}% , we have the following results. First, it is apparent that
1 - ! P /
- z xxy — F v

t=1

Provided that {x;x}} are i.i.d. (which is satisfied since {z;} are i.i.d. and thus, {g(z;)} are i.i.d. for any
function ¢ - in particular, g (z:) = x:z;) and that F[|azia}|] < +00. Next, we need to show that

~2 P 2
UUR — 00.
NN 1
6t = %ZEE/M)(E
1 _
= ¢ (I—X(X’X) lX’)a
n
1
= —de——X(X'X) ' X'e
n
1 n 1 n ! 1 n -1 n
n t=1 t=1 n t=1 t=1
—1

10



That is, 655 > E [e7] = o by Slutsky’s theorem, the Mann-Wald theorem, and the weak law of large
numbers given appropriate moment conditions (which I will assume). Using the Mann Wald theorem

P p
L and —— —
UR 90 2(0UR)

By Slutsky’s theorem, then, we have that

1
2(02)%"

1 1

——— ) w1y 2 — B [x2]

our™ i3 70

And therefore, element by element we have that SME 2 E[—H (wy;60)]. Proceeding similarly for M %

we have that 1 37 | @] 2 B [z2}] by the weak law of large numbers provided that {z,z}} are i.i.d.
(they are) and E [|zezi]] < +o00. Next, we have by part (b) that

But
~ML

: (Y—XﬂR )

(Y ~ XBug + X (XX R R TR] (RB% - c))

™
2y
Il

Where the second equality holds by part (a). Proceeding further,

&en (Y CXBoe - X (X'X) 'R [R(X'X) " R B (Rﬁﬁ - c))l

: <Y  XPBps + X (X'X) 'R (RXX)TTR] (RB?fPf - c))

(v - xBow) (v - X5x)
(RB% - c)/ (R(XX) TR T RXX) X

" X (X X) R [ROOX) TR (Rﬁﬁ—c)

+2(v - XB?fRL)/ [X (xx) R [RxX) TR (RB% - c)}

~ ML

A ~ML ! _
= Eynéon+ (RBys —¢) [R(X'X)"! R’] (RBus —c)
Where the last equality holds because
. / _ _ -1/
2 (Y - X {X (X)) R [RX) T R] (RAg - c)}
_ / Iy \—1 pr v\~ 1 pr ML
= 2Y'MxX (X'X)'R [R(X X) R} (RBUR c) =0
=0

This result gives us

5% = 6%, + % (RBAJRL - c)/ [R(xX'X) R’] (RBZ\U/[ . ¢)

Which can easily be used to show that 6% — &7,z > 0. Next,

0 < ‘ﬁ% AQUR (RﬁUR_C)I[R(X/X)_lR/} (RléyRL—C)
< lHRﬁ?fé—cl [R(X'X)*R’] ‘Rﬁ —CH

11



~ML ML
By the Cauchy-Schwarz inequality. Since 85 — o, under the null, R3; 5 — ¢ = 0. If we assume that

—1
H {R (x'x)™" R’} < 400, we have that

~2 A2 P 0
Or —Oyr —

~ML
(Note that alternatively, instead of appealing to the result that RS, — ¢ 2,0, I could have used the

ML
RByr — CH < +o0 and therefore the term on the right is of the form * - C' where

weaker result that ‘

C < 400. Thus, it converges in probability to zero.) This gives us:
6% L otn

But since 67 p i 03, we have that 6% it o%.  Exactly as above, we have that by the Mann-Wald

theorem, &1%% LN o%% and 2(&1%)2 2, 2(01%)2. By Slutsky’s theorem, then, we have that é% ST wr B

%E [z:x}].  Therefore, by the less-than-rigorous application of the Cramer-Wold device, ﬁ]%L EN
0

E[—H (w;00)]-

d. Show that the Wald, LM, and LR statistics using S and © given here in the formulas in Table 7.2 can
be written as

S (RB—c) |[R(XX) R (RB—C),
SSRy

(1-35) (o~ %9
SSRr

LR = n~{log<SSnRR>—log(SSfU>},

where y (nx 1) and X (n x K) are the data vector and matrix associated with y; and xy, and P =
X (X'X)"' X’. Hint: The A () (r x (K + 1)) in Table 7.2 is

LM = n-

( () () )

Solution Table 7.2 lists the three tests:

W= na(6) |4 (@)IzlA(

TR faa ) () 51

>
N—
[E—
|
—
IS
/N
>
SN—

= [0, (1) -0 9)
In my notation, these are:
W= (0 [ (008) Sk ()] o (21)

~ML ~ML
NG\ WENCE)

LR = 2n- [Qn (9%5) — Qn (éﬁ“)}

12



ML . ML .
Where § = [ 8 o2 | (and therefore, 0,5 = [ ﬁ]UWé 6t R } and 0, = [ ML 5% } For this

problem, we have that Hy : RS = ¢ or equivalently, Hy : R —c = 0 or Ho : a(f) = 0 where
a(0) = RS — c. We can easily derive A () by:

Ap) = ;a<e>=a[5602]<35—c>
= | #H@BE-0) 5% (RB-0) |
R 0]

ML
Since R is not a function of 6, we have that A (GUR) =R 0]
With these preliminaries out of the way, I will proceed to show the result for W. First, it is given that

[ 5 Zt 1 Ty X'X

0 —=3 0
e URo L
G 2(o%5)

Recall the result that if A and B are invertible matrices and C' = [ 61 g }, then C' is invertible and

EML

UR = 0

3 A7l 0 . .
C— = 0o B! | Using this, we have that
a1 _ nédp (X' X) 0
R = 0 2 (6%5)"

Now it just remains to substitute in all the relevant values:

W= (i) [ (00 siha (000) ] (00)

- n(ma =) |7 0] i (X0 s [[5]] (o)
= n (RB% - c)/ [Rnot (X X) R (RB% —c)
— (RB% - c)l B SSSUR (X' X)lR’}l (RB% —c)
(it fro o] (ns
B SSRuz

This establishes the first result. We now show the result for the LM statistic. Using the same argument
as above, recall that:

And therefore,

13



Next, we have that

RS (ye — z}8)°
(0 — ——log(27) — =1 2 ¢
Q. (0 n2< Jlog (27) — S 1o (o) — 2
_ 1 1 2 1« (ye — =} )2
= §log(27r) §log(0) g; 52
The first derivatives are:
0 1« (yt_xé )xt
— Q.0 = —=
9 1 1 ¢ (ye — =y )2
Q.0 = —— 4+ = M TP
aO—QQ ( ) 202 +nz 2(0_2)2
t=1
ML
Evaluating these at § , we have:
0 ~ML 1 <« ~ML
aLwn 0 = - —
98¢ (R ) nog =" (yt iBr )
1 ~ML
= - (XY - X'XBy)
nUR
1 ~ML
= —— (XY -X'X
SSRR( Pr )
And
G, ML 1 1 - AMIN2
=—50n (0r = —— —— Y — PR
o2 ( ) 262, Qn((}%)Qtz_;( ¢ )
n 1

~255mn T o (SSRR)QSSRR

1 n 1 n

T25SRn | 2(SSRp)

Therefore, we have that:

Do, (") = 5[85 ]Qn (0x")

g
[ e
- | e

14



Plugging in these results gives us:

~ML ! ~ML
(5 s (2 5))

_ n{_(xyxxg) OHM-%(X’X)1 O)QH(XY—XM)]

SSR
0 2 5

LM

(XY - xxBg )

- SSRz n Tk, (X'X) SSRn
SSfR

(xv - X’XB%L)/ (xx)7 (XY - X’XB%L>
- SSRn

(v - X[—J%L)' X (X)) (v - X@%L)
- SSRr

(v - xpn") P (v - x53")
- SSRr

Finally, for the LR statistic, recall from part (b) that

~ML _ 1 1 1 SSRUR
Q@n (QUR) = —glog (2m) — 3 308 (n)
~ML 1 1 1 SSR

Therefore, we have:
o [0 (1) - 0. ()

B 1 1 1 SSRur 1 1 1 SSRr
= 2n~{210g(27r)2210g< >{210g(27r)2210g< - ﬂ}

n

SSRgr SSRyr
n < log — — log —

e. Show that the three statistics can also be written as

LR

-~ SSRr — SSRy
W= SSRy ’
B SSRr — SSRy
A= SSRp
SSRRg
LR = n-log(SSRU>.

Hint: As we have shown in an analytical exercise of Chapter 1,
(5-5) (xx) (5-5)
(RB - c)/ [R (xX'x)™ R’] B (RB - c)
- o)

SSRr — SSRy

15



Solution Appealing to the second equality in the hint, we have:

s = (5o [ ] (it o) - e

n

Solving for W, we have:
SSRr — SSRur

W=n——Cshrn

Which establishes the first result. For the second result, we use the third equality of the hint:

SRy — SSRur = (Y - XB];;L) Py (v - X,@ﬁ“) _ S5Br,

n

Solving for LM, we have:
SSRr — SSRur

LM =
" 9SRa

This establishes the second result. Finally, we have:
SSRp SSRur
n < log — log
n n
558 SSRg
= | B

f. Show that W > LR > LM. (These inequalities do not always hold in nonlinear regression models.)

LR

‘Which is the third result.

Solution First, note that W > LR > LM if and only if % > % > %, so I will show this instead.

K _ SSRr — SSRyr _ SSRg 1
n - SSRUR - SSRUR
@ — 1o SSRg
n 8\ SSRun
% . SSRR—SSRUR 1 SSRUR -1— 1
n S SRR S S RR SSSSQJRR
We have then that
E B @ _ SSRr (1410 SSRgr
n n  SSRygr & SSRyr

SSRn | SSRa | _ . ( SSEx
SSRur 8 S9SRun ' \SSRug

Characterizing this function further, we have that
f(1)=1-1log(l)-1=1-0-1=0

And
df B 1

— 7 SSR
SSR R
d (SSRURR) SSRur

16



Whenever

1
L= —sry
SSRun
SSRgr 1
SSRur

Which always holds. Therefore, we have that Y — LE > 0 or W > LE

Next, we have

LR LM _ log(SSRR>_<1_ 1 )
n n SSRyr SSSSIEURR
_ log<SSRR>+ 1 _IEQ<SSRR>
SSRyr S’SSSB}'ERR SSRyr

Proceeding similarly, we have:
1
g(l):log(1)+1—1:O+1—1=O

And d 1 1
S~ 220
d (SSRUR> SSRur (SSSSP?URR)
‘Whenever
1 S 1
SSRp = 2
SSR
SSRunr (SSRURR)
SSRg > 1
SSRyr —

Which always holds. Therefore, we have that % — LM > 0 or % > % Putting this all together, we

n

get the result that W > LR > LM.
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2 Extra Problems

1. Provide primitive conditions for consistency and asymptotic normality of the NLS and WNLS estimator
of By in the logit model:

_lx,) = P (XiBy)
Pr(Y; =1/ X;) = 1+ exp (X:00)

and derive their asymptotic distributions.

Solution The standard assumptions ensuring consistency and asymptotic normality of the NLS estimator
are, divided into three categories:

Model Assumption 1 Y; = g(X;,8,) +¢€i, ¢ = 1,...,n where g (X;, 5) is a known function, X; is an L
dimensional random vector, and 3, is a vector of unknown parameters belonging to a set B C R¥

Model Assumption 2 {(X;,¢;)};_; are i.id.

Model Assumption 3 E[g;]| X;]=0,i=1,...,n.

Model Assumption 4 g (X;,5,) # g (X;, 5) for all 8 # S,.

Consistency Assumption 1 B C R is compact. (i.e. closed and bounded.)

Consistency Assumption 2 g (X;, ) is continuous in g for any X;.

Consistency Assumption 3 25" (Y; —g(X,,8))* > E [(YZ — g(X;,8))?| uniformly in f.
Normality Assumption 1 §, € int (B).

Normality Assumption 2 g (X;, ) twice continuously differentiable in 8 for any X;.

Normality Assumption 3 The matrix

dg (X;, B)
aB

s, 08

Oy =E

(Yi—g <Xi,6o>>2]
Bo

Is finite and positive definite.

Normality Assumption 4 For some neighborhood N of 3,

FE < +0o0

sup |[H (X;,Y;, B)]|
BEN

Normality Assumption 5 Hy = E [H (X;,Y;, 5,)] is nonsingular.

Before proceeding to confirm these assumptions and discern which are primitive (not implied by the logit
model), I will derive the general asymptotic distribution for a NLS estimator and then apply it to the
special case of the logit model. First, note that if

B = argmin} (Y - g(X,,8))

B =1
1
= argmin— *(Yi—g(Xiaﬁ))Q
Jé; n =1 2

m(X;,Y5,8)

18



Where g (X;,8) = E[Y;| X;]. For this particular model, we have:

9(X;,8) = E[Yi| X;] =Pr(Y; =11 X;) = m

NLS
Then we have that + ZZ 18 (XZ,Y“B ) = 88671l rm (X“Y;,ﬂ ) = 0. By the mean value

theorem, if we expand this expression around f(,, which is possible since g (X;, ) is assumed to be
twice continuously differentiable, we have:

%i (x0 ¥ 50 ) = %isxl,yz,ﬂo ( ZH(X“Kﬁ)) G
=1 i=1

i=1

Where B S

BivLS, 50‘~ Solving for (ﬁi\ms - ﬁo) and premultiplying by \/n, we get:

Vi (B = 5) = (iZ—H (XY,B)> Vi (iis(&%ﬁ&)

i=1 i=1

Assuming for the moment that all the necessary assumptions hold, we then have that

n

Vi (i > (Xi%,ﬁo)) N (0.8 [5 (X0, i, Bo) s (X2, Vi o))

i=1
By the central limit theorem and

n

(1 Z_H (XnY;,B>> 5 BE[-H (X, Y:, 8,)]

n-
i=1
By the uniform law of large numbers and the Mann-Wald theorem. Then, by Slutsky’s theorem, we have:

V(B ) S v (04v (3,77))

Where
—1 —1
~NLS
av(5,77) = |BIHXYB)]| | Els (X0 Y 80)s (X0, Vi B0)] | | EIH (X:, Y3, B0)]
=Hy =Qo =Hy
= Hy'QoH;*
It remains only to solve for these values (here, g (X;, 5) = %)
0 01 9 dg
S X’iaYViaﬂ = vyl Xi7}/i,6 = 35 5 Y;_ XZ)B = - }/Z_ Xwﬁ an
( 0) 8ﬂ ( ) 8, 86 2 ( g( )) 5 ( g( )) aﬁ 8

_ 9 [y _e(Xip) N

B (Yl 1+eXp(X¢,3)> 5,

_ (Y- exp (Xi6,) ) (14 exp (XiBo) exp (Xify) X! — [exp (Xiflo)> X!
" 14 exp (Xi0,) (14 exp( iﬁo))

= —2(¥i— A(XiBo)) (A (XiBo) X! — [A (Xi60))” X))
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Where A (X;8) = —22X8) - Apg,

1+exp(X;0B)
. g _ Js (X“Y:“ﬂ) _ a2m (X’HY’-L?ﬁ)
H(X“YHBO) - 85/ 8, - 85&3’ 8
- 35 o7 9505 (Yi — 9(Xi, 8)) ..

Which, for sanity’s sake, I will not derive explicitly. Next, deriving with the weighted nonlinear least
squares estimator, we begin by noting that for the model

We have that

g = )/l_g(XMB)
Y — E[Yi] Xi]

And recognizing that ¢; = { 5 [YZ|X1] Y, =0 =  exp(XiBg) Y =0
1+exp(X;8g)

. X (X'L/B ) .
1-E[Yi|X] ifYi=1 { L— raimils iy, =1
And

exp (X;00)
i =1— | Xa]| Xi) =Pr(Y: =1 X; Yi| Xl = x5
Pr(e; =1—- E[Y;| Xi]| X;) = Pr( | Xi) = E[Y;] X;] 1+ exp (X;0,)
And, of course
1

Pr (& =~ [¥i| Xi]| X0) = Pr (¥ = 0] X0) = 1= E[Vi| Xi) = s

Therefore, we have since g;| X; ~ Bernoulli (M)

1+exp(X;08y)
exp (X;8) < exp (Xify) >
Var (g X; _— 1 ————
ar (&i Xi) = 1+ exp (X:08,) 1+ exp (X;f,)
That is, we have heteroskedasticity. Our weighted nonlinear least squares estimator then becomes:
AWNLS (Y; — g(X:, 8))°
B, = argrmn ZZVar i — (X0, B))
2
- _exp(Xif)
(K 1+exp(xi6))

11
= arg;llnﬁ_z:ﬁ exp(XifBg) 1— exp(Xi o)
i=1 1+exp(X;8¢) 1+exp(Xifo)

m(X;,Y;,8)

The only difference between this estimator and the NLS estimator is that m (X, Y;, 5) is a different function.
By the argument given above, the asymptotic distribution is given by:

N (ﬂWNLS B 50) 4 N (0 AV (BWNLS)>
Where

AWNLS)

Av (B, = |BHX.Y:00)]| | E[s(Xi,Yi,B0) s (Xi,Yi, 80)] | | EH (Xi,Yi, By)]

=H, =Qp =Ho
_ —1 —1
= H, QOH()
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~NLS
Clearly, since the m function for NLS is not the same as that for WNLS, we have that AV (ﬁn ) #*

~WNLS
AV (ﬁn ) I will not derive the exact asymptotic distribution, however.

Next, I hope to derive which of the twelve assumptions are implied by the model and which are "primi-
tive" assumptions that we cannot "check." It turns out that precisely the same assumptions required
for consistency and asymptotic normality of the NLS estimator ensure consistency and asymptotic
normality of the WNLS estimator. Therefore, I will only look at the NLS case.

First we have that, clearly, Model Assumptions 1, 2, and 3 are satisfied if we assume that {(X;,e;)} are
iid.. (which must then be a primitive assumption.) Checking Model Assumption 4, we have that if

B # By, then

exp(XiB)  exp(Xify)
1+exp(X;B) 1+exp(X;f)
exp (Xi3) [1 4 exp (Xify)] — exp (Xify) [1 + exp (Xif3)]
[1+ exp (XiB)] [1 + exp (Xify)]
exp (Xif) — exp (Xif)
[1 4 exp (XiB)] [1 4 exp (Xif)]

9(Xi, 8) — g(Xi, Bo)

Which is equal to zero if and only if exp (X;8) = exp (X;8,) for all X;, which occurs if and only if
X0 = X,B, for all X;, which occurs if and only if 5 = 3,. Therefore, assumption 4 is satisfied.

Consistency Assumption 1 does not hold in general, but we will assume it here: Assume that IN large
such that B C [-N, N]*, and assume that B is closed. (This is a primitive assumption.)

Consistency Assumption 2 holds, because we know that exp (X;8) is continuous in 8 for all X;, as is
1+ exp (X;p) for all X; and is strictly positive for all X;. There is a theorem in real analysis that
states that the ratio of continuous functions is also continuous. Therefore,

exp (X; )
X, — PP
9(Xi,6) 1+ exp (X;8)
Is continuous in # for all X;.

Consistency Assumption 3 is not easily verifiable, but we will assume it holds. (Primitive assumption)
The last part of Consistency Assumption 3 holds by Model Assumption 4, however.

~NLS ~WNLS
Under the above assumptions, we have that 3, % 8, and 3, 2, 3, and are therefore consistent for

Bo-

Next, moving on to asymptotic normality, we have that Normality Assumption 1 holds trivially, since if
By € B\int (B), then we can define a B’ O B such that 8, € int (B’). (As no additional restrictions
have been placed on our B.)

Normality Assumption 2 holds since both exp (X;3) and 1+ exp (X;3) are both C? functions and therefore
any ratio of C? functions is also C2.
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In order to check Normality Assumption 3, we must first compute Q :
Q = E[s(X;,Y:,8)s(X:,Y:,80)]

=zfM—Aumm%AMMJn—mumm%w(M&%M#%M&%WXﬁ}

= B2 (A0 X! - (A (X)) X7) (8 () X, - (A (i) X)) |
= B[22 (A G080 X - (080 X) (A 080 X - (4 (80 1) | x|

| (A G0 X{ — (8 (X380 X2) (A0X80) X = (A (X800 X1) B[22 ]|

= o (M08 K]~ (4 080 K1) (A.0X380) K]~ (4 (X6 ) |

(Note that if we had conditional homoskedasticity, then we would have had that o7 = ¢ for all 4 in which
case, we have

fww%KM&MH—MM&W&HM&W&—M@%W&”

This matrix is positive definite, since it is a variance-covariance matrix of non-degenerate random variables.
We still need to assume that it is finite. That is Q¢ < 400 is a primitive assumption.

Normality assumption 4 will be taken as primitive (since it is certainly not easy to check.)

Finally, for normality assumption 5, we have:

- &3 aﬁ/ ‘50 -E 868B' (}/z g(Xzaﬁ)) 60‘|
9B 95" g,
Since
E[aﬁaﬁ/(}fzg(Xmﬁ))‘BO] = E|F 8,8(9,8/ €i BOX2‘|‘|
829 (Xzaﬁ)
= E|EalXi] ———— =0
9pap Bo

We will need to assume then that Hy = E [WW 5 } is nonsingular. (And thus, this is a
0

primitive assumption.
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2. This problem uses the data set MROZ.ASC. the data set is described in the file READMROZ.DOC. It
contains 753 observations on women in 1975. Estimate an LPM, Logit, and Probit model of married
women’s labor force participation as a function of the variables KL6, K618, WA, WE, UN, CIT,
which are provided in the data set, a variable say PRIN (property income) generated as FAMINC-
(WHRS-WW), and an additional variable, say LWW constructed as follows: Restricting your sample to
workers (i.e. the first 428 observations) take the natural logarithm of the wife’s wage rate variable WW.
Call this new variable LW. Then, for the entire sample construct the square of the wife’s experience
variable, say EX2. Next, using only the 428 observations from the working sample, estimate OLS, a
typical wage determination equation in which LW is regressed on a constant, WA, WE, CIT, EX, and
EX2. Then use the parameter estimates of this model for the 325 non-working women to generate
predicted or fitted log-wages, say FLW. The variable LWW is just LW for the working sample and
FLW for the non-working sample.

a. For each model provide both the estimates of the unknown coeflicients of interest and their standard
errors. How do they compare across the different models after you make the appropriate rescalings?

b. Estimate the marginal effect of the variable LWW (evaluated at the sample average of the regressors)
and provide an estimate of its standard error. Make sure you justify the computation of the latter.

Solution See the attached pages.

23



