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1. The regression slope [3 in a CNLR model is distributed N (6,0%) where = 1. The null hypothesis

o2

B
B = 0 will be tested at the 10% significance using the statistic Zg = %. That is, the null will be
rejected if and only if | Zg| > 1.645.

a. Write and run a program that tabulates the power of the test at the following 9 values of the true
parameter §: -2, -1.5, -1, -0.5, 0, 0.5, 1, 1.5, 2.

Solution First, note that since 3 ~ N (8,1), B—B~N (0,1). Recall that the power function of a test
(with critical region C'), as a function of the parameters (#) of the underlying distribution is given by:

power (0) = Pr[(z1,...,2,) € C| 6]

For the given test, we see that (z1,...,z,) € C if and only if | Z| > 1.645, giving us
power (8) = Pr[|Zy| > 1.645| ]
— Pr HB’ > 1.645‘ ﬁ}
— Pr [B > 1.645([3} 4 Pr [ﬁ < —1.645‘ ,8}
o [3—5> 1.645—6‘&] 4 Pr [3—5< —1.645—&‘6]
= 1—®(1.645—8)+ P (—1.645 — )
Where the third equality holds by the definition of absolute value and the last equality holds since B — B~
N (0,1).

This problem then requires us simply to plug in the nine given values of § into the above equation.
MATLAB gives us:

B power(B)
-2 0.6388
—1.5 0.4432
-1 0.2635
-0.5 0.1421
0 0.1000
0.5 0.1421
1 0.2635
1.5 0.4432
2 0.6388

b. Redo (a) for the situation where O’% =4.

Solution Proceeding exactly as above, first, note that since 3 ~ N (8,4), 555 ~ N (0,1).




For the given test, (21,...,2,) € C if and only if |Zy| > 1.645, giving us

power () = Pr[|Zy| > 1.645| 3]

B
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= Pr|5F > 1.645—

s
= 1-9 (1.645 — g) +® (—1.645 — 5)

Where the third equality once again holds by the definition of absolute value and the last equality holds
since # ~ N (0,1).

Plugging in the nine given values of § into the above equation, MATLAB gives us:

B power(B)
-2 0.2635
—1.5 0.1937
-1 0.1421
-0.5 0.1106
0 0.1000
0.5 0.1106
1 0.1421
1.5 0.1937
2 0.2635

c. What do your two tables tell you about the effect of O'% on the power of the test?

Solution The tables give the intuitive result that as the standard error of the estimator increases, the power
of any tests associated with it will tend to decrease.

2. The regression slopes Bl and 32 in a CNLR model are distributed as a bivariate normal:

2)= ()0 0))

1)~ N 7

( B B2 rol

where 7 = 0.6. The joint null hypothesis 8, = 8, = 0 will be tested at the 5% significance level by using
the statistic o s o

(51 + By — 27"»3152)

S ()

That is, the null will be rejected if and only if |Wy| > 5.99.

a. Write and run a program that tabulates the power of the test at the following 9 pairs of the true parameter
vector (BlaﬁQ) : (_17 l)a (_17 O)a (_17 1)a (Oa 1)7 (07 O)a (07 _1)3 (17 1)7 (L O) ’ (17 _1)

Solution We can rewrite our test statistic as:

Wo = (FB - W’o)lﬂfl (FB - ’Yo)



1 0 0
WhereF—{O 1],70—{0}and

-1 -1
-1 1 r ’ - 1 r
& = <F [ r 1 I Tl r 1
_ 1 1 —r
o122 —r 1
To verify that this is indeed equal to the given statistic:

7] 1 1 —r 1[5
Wo = [Bﬂlﬂ{r IHBH

1 A . .
= 1_72[51_7"52 =B+ By ]{51}

r 2
= 137 (B? — BBy — BBy + B;>
By + By — 2B s

1—7r2

The power function is therefore:

power (y) = Pr _ (FB - 'yo)/Ql?l (FB - ’Yo) > 5.99‘ g = ’y}
- Pr _(B—%)'Q# (B=) > 5-99‘6 =7}

= Pr (B—%L(v—%))lﬁfl (3—7+(7—%)) >5-99‘6=7}

_ 1_pr[(3—7+(7—%))lﬁpl(B—wr(v—vo))<5.99’ﬁ=7]
= 1-Gy@ea) (5.99)

Where
S N1 1 1 —r
A = (v=7) 9 (7—70)=1T27[T 1 ]7
= 15625 B; B, | [ _(1).6 _(1)'6 } [ g; ]

Plugging the nine given values into MATLAB, we have:
(B1,82)  power ((By,B2))

(-1,1) 0.5038
(—-1,0) 0.1843
(—1,—-1) 0.1553
(0,1) 0.1843
(0,0) 0.0500
(0,—1) 0.1843
(1,1) 0.1553
(1,0) 0.1843
(1,-1) 0.5038

b. Redo (a) for the situation where r = —0.6.



Solution The only aspect of this problem which changes from parts (a) to (b) is the noncentrality parameter:

1 - .
A_l—rﬂ/[—lr 1r]7_1‘5625[51 ﬂ2]{0%6 016Hg;]

Plugging the nine given values into MATLAB, we have:

(B1,B2)  power ((By,B2))
(-1,1) 0.1553
(-1,0) 0.1843
(-1,-1) 0.5038
(0,1) 0.1843
(0,0) 0.0500
-1) 0.1843

)

)

(0,
1, 0.5038
1

1
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(
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c. What do your two tables tell you about the effect of the correlation r on the power of the test?

Solution The power function is a multivariable function of 5, and 8,. It appears that a change in r from
0.6 to —0.6 serves to rotate the power function around the z axis by 90 degrees.

3. Suppose that Y; is a discrete random variable (actually a count variable, such as, for example, number of
examples) whose conditional distribution given X; is

e_’g”” (ﬁxl)yz

| y i =0,1,2,. ..
Yi-

Pr(Y; =yi| Xi = ;) =
where X is a positive scalar random variable and 5 > 0. Assume that we have n independent observations

{Vi, Xi) iy

a. Write down the (conditional) log-likelihood function of the sample and compute the maximum likelihood
estimator of 3, By;15-

Solution Since {(Y;, X;)}!_, are independent, we have: (where z = (;);_,, and y = (y;);—;)

n ﬁm, Yi
F (@) 7 8) = Hf il ) = T P

=1

Taking logs, we have:

Zlog [ B i)yi]

= Z (=Bzi +y;log B + y;logx; — logy;!)

i=1

log L (B; (2, 9))

n n n
= —ﬁzxi + 10.%‘523/1' + Z (yilogz; — logy;!)

i=1 i=1 i=1
Recall that the maximum likelihood estimator is:

Brre = arggnin log L (8; (z,y))



Taking first order conditions, we have:

(ﬂ)ZJIz*FBl Zylz()
=1

MLE =1

Which leads to . L wn
i ¥i 7 D1 Yi _

BMLE - n -1 n
D ie1 Ti w21 T

8y

b. Find the asymptotic distribution of /3 MLE-

Solution Recall that it is a property of maximum likelihood estimators that

Vi (Bure—8) N (o, (1 (Burre) ) 1)

. -1
Therefore, we need only compute (Il (ﬁ ML E)) . Proceeding in the usual way:
log L (B; (i, yi)| wi) = —Bx; + y; log B + y; log z; — log y;!

Taking the partial derivatives with respect to 3:

oL Yi
]
0%L B Yi
o B

This yields: ,
I(3) =~ [8 L] —F {Y} - LB

op* g2l B
It remains to find E[Y;]. Noting that Y;|z; ~ Poisson (fz;) and using the law of iterated expectations,
we have:
ElYi] = E[E[Y]X]]

This gives us:

Thus, we have that:

vn (BMLE - 5) 4N (0; E[BXZ])

c. Find the exact distribution of 3 vLg. (HINT: The sum of independent Poisson random variables with
parameters \; is a Poisson variable with parameter ) j Aj.)

Solution Here, we have:

Pr (BMLE:b‘x) = PI(Z?_l%: =




Since Y; ~ Poisson (fz;), we have that > ., Y;|x ~ Poisson (8 ., z;) and therefore,

" ; exp {(-BY0, @i} - (BEL, w) >
Pr (;YI :b;xi x) = 1(()21 o 1 1{})2?:1%@]}

Thus,

R x _ n n i byl T
Pr(ﬁMLE = b‘ﬂ?) = ¢ p{ 521 1(52}: (?51 11') 1{1,2;:1@-@1}

4. In the standard CNLR model,

Yi=XiB+e;

where | X ~ N (0,021,), assume that K = 1 and that 0> = 8%. Obtain the maximum likelihood estimator
for B and the Cramer-Rao lower bound.

Solution Under the CNLR assumptions, we know that (since 02 = 5%)
Yi| X; ~ N (Xi8,6%) and Yi| X; 11 Y;| X, i #

Therefore, we have:

n

L(B;X,Y) = H 1 exp{ (Y’_XZB)}

- ﬂﬁmm’{; (5 X)}

<.

H
=
- %
[\
3

S

Taking logs:

n

Y; 2

;:1 (—logﬂ - %log(%r) - % (ﬁ - Xi) )
1 (Y

= fnlogﬂfglog(%r)fié <5

log L (8; X,Y)

NL O O
i:ZI <5MLE ) ( ﬂ?uw)

2
2

The first order condition with respect to 3 is:

MLE =1 Burre ByLE
Rearranging:
1 & . n
Z(Yz—ﬂMLEXz) (¥) = —— =0
MLE i=1 MLE
0
5MLE i=1 5MLE i=1 MLE

9 R n n
nByre + By ZXiYi - ZYiQ =0
i=1 i=1



Appealing to the quadratic formula:

n n 2 n
— i XiYi \/(Zi:l XiVi)" —dn 30, V2

5MLE = m

—X'Y + \/ (X'Y)? —4nY'Y
2n

Now, to find the Fisher information:
n " Y, 2
logL(8;X,Y)=—nlogB — §log(27r) — = Z (l — Xl-)

Taking derivatives:

dlog L (5; X,Y) n 1
———— = —2+t =3 (Yi-BX)Y))
% EARD>
n 1 1 —
e =D P =D PP O ¢
EAE P DY
= —Z+613Y’Y—612X’Y
821 L/B,X7Y 3 / /
Ogaég ):;_H*YY+B3XY

This gives us:

o azlogL(ﬁ;X,Y)‘ }

LX) = - | TR
3 2 _, n
- E[4YY X}—E[SXY‘X}—Z
B B B

3 / 2 /
- EE[YY|X]fFE[XY|X]f%

Noticing that

EY'Y|X] = E[(XB+¢) (XB+e)|X]
= E[fX'XB+XB+ B X'e+ee|X]
= B*X'X +28-E['X|X]+ E[e| X]
= [X'X +28E[| X]X +n_o?
——— ~~

=0 =p*
— ﬁZX/X“r'I’LBQ
And
EXY|X]|=X'E|Y|X]=X'X}
‘We have:
3(B2X'X +np%) 2X'XB n
L, (8] X) = ( 1 )_ 3 a2
B B B
B 3X'X +3n 2X'X E_X’X+2n
B B? B B



This gives us the Cramer-Rao lower bound:

62

p— _1 p—
CRLB (51X) = In (81)™ = 5o

5. Derive the log-likelihood function, the first order conditions for maximization, and the information matrix
for the model:

Y, = Xif+e
sl X~ N (0,(Z0))

assuming i.i.d. sampling of (V;, X;) across individuals. Here Z; is a 1 x r subvector of X;.

Solution Putting the two assumptions together, we know that

Vil Xi ~ N (X8, (Z7)°) and Yi| Xi UL Y51 X, #

Since Z; is 1 x r, it must be the case that v is r x 1.

The likelihood function is therefore:

| 1Y —X;8\°

i=1

Taking logs,

log L (B,7: X,Y)

- Y; — X;
Z <—log Ziy — 3 10g27r -3 (ZB) )
= &

i=1
(Y; — Xip)*
log 2w — long—f -
Sovesn -3 3G

n
2

Since (3,7) is a (k 4+ r) x 1 vector, we will have k + r first order conditions. I will group them together by
using the tools of matrix calculus. Throughout this problem, I will make use of the fact that Y; — X,
is a scalar. The first order conditions are:

8logL - (Y XwGMLE)
g) : 0= =—= -
) Z Z'YMLE)

- XiXiﬂMLE
i=1 Z’YMLE) i=1 (Zi;YMLE)Q

—X;)

N 2
n (Yi_Xi/BMLE) ,

Olog L - 1 2
(v) : 0= == ————Zi+3 -
gl ; ZmLE 2 1:21 (ZHMLE>3

i

. 2
n Z! n Zj (Yi - XiBMLE)
3

1 ZYMLE i=1 (ZiAmre)

= %
Where I used the chain rule and the result that if z is a 1 x n vector and y is an n x 1 vector, then

ory

y



Now, moving on to calculate the Fisher information, the first partial derivatives are (from above):

dlogL = X!V; " XX
op :.Z Z; 2_2 Ziv)?
i—1 ( 17) i=1 ( z7)

810gL__i ! iZ{(Yi—Xiﬁy

+
a’y Zivy i=1 (Zi'Y)S

The second order partial derivatives are:

O?logL _z": X!X;
8ﬂaﬂ, i=1 (Zi'Y)z

0%log L "Xy, X!X,8
= -2 7
9oy Z Z (Zin)®
o ZXZ (Y; — XZB)
9?logL —~ Z(Y; — Xﬁ) (X,)

nos” E
Z

i (Y — Xzﬁ)

0%log L "7 " ZL(Y; — XiB)
= D e Zi -3y T
i=1 (Zz"Y) i=1 (Zﬂ’)
- 3 (Y; — Xlﬁ)

:; oy 2

i=1

Where I used the results that if z is a 1 X n vector, y is an n x 1 vector, then

ory
oy

Before putting this into the information matrix, I will simplify by computing the expected values, conditional

on X.

n v n Iy
[8 logL X] _ Z XiXi2 b% :Z XZX22
i=1 (Zi’Y) i=1 (Zﬂ/)
0%log L ] X!z (Y; — Xzﬁ)
X| = 2 - -
[ 9poy' Z (Zin)?

“~ X!Z; (E[Y‘X] XipB)
i=1 (Zz'Y)

Il
o




0%log L ] Z!X; (Y — XiB)
x| = oy Lttt k)
{3755’ 2 (Zﬂ) ‘ ]
ZIX; (E[Y;| X] - XiB)
- 2
Z (Ziy)?
"\ Z: X (XiB— XP)
,Z:; (Ziy)?
82 log L ] 717 (Y — XiB) ~— ZZ;
-E X| = E|3 X
[ 070y Z (Zi)* ; (Z)?

oy 72,8 (Y - Xi8)°| X]

i=1 (Zi7)4 i— (Zi'V)Z
" Z1ZVar (Vi X) = Z.Z
- 32 A ’Z 72
i=1 (Ziv) i=1 (Ziv)
)

2 n n
2% _ )3 27

= 3ZZ/

Putting this together, we have:

[ 9% log L _ 9% log L
TR N I 8 b B Y
’ 8% log L 8% log L
i -F avé’%' X E 870gv X
[ —n  X!IX,
_ | s @y 0
L 0 22’ 1 (Z 7)2

Using the law of iterated expectations to find the unconditional information matrix:
SB[ hr] 0
0 250, B [(GZs]

I(B,v)=E[L(B,vX)]=

6. Five sample observations are
X 4 1 5 8 2
Y 6 3 12 15 4

Assume a linear model, Y; = 8, + 85X, + &;, with heteroskedasticity of the form Var (Y;) = Var (g;) =
0? = 02 X? where 02 is a positive constant. Calculate the OLS and GLS estimates of 8; and 3, and
the corresponding standard errors.

Solution The relevant matrices for this problem are:

1 4 6 16 0 0 0 0
11 3 01 0 0 0
X=|15|,Y=|12|,Q=¢2] 0 0 25 0 0
1 8 15 0 0 0 64 0
1 2 4 00 0 0 4

Then, calculating the estimators:



1 4
_[11111]}; {11
41 5 8 2 L s 4 1
1 2
[20 110} [215}:[
And
BGLS: /BIGLS XQlX
52GLS
6 0 0 0
1 1 1 1 1] 0 1 0 0
- 4 1 5 8 2 0 025 0
Il o o o 64
0 0 0 0
6 0 0 0 0
111 1 1 010 00
415 8 9 0 025 0 0
0 0 0 64 0
| 00 0 0 4
1000 415 8143 2471
—{_5215 2158097H%£P}—[2%%%
507 4056 40 16224

Next, proceeding to compute the variance-covariance matrices for 55;,¢ and B4y g, from which we will be

able to get the respective standard errors, recall that

Var (BOLS‘X>

(X'X)
0_2 (X/

And

Var (BGLS‘X)

(x'Q'x)""
o (X'Q71X)
o’ (X'Q7'X)
o (X'Q7'X)

-1

L X'Var (Y| X)

X)

X'Q War (Y] X) (@7
T xoo @)
XX (X'QTX)

XX (X'X)”

(G20
co
[N

oo
—_ 1

Yxo-ly

= e
DN OO UU = i

R B =l e R e R s}

1.6493

~[ i

= Var ((X’X)‘1 X’Y‘ X)

X(x'x)"
1

var (X'271x) 7 X'y x)

X (X'Q7'X)

"x (x'otx) T
—1

Where = Q' since Q is a variance-covariance matrix and is hence symmetric.

Plugging in the values, we have:

Var (BOLS‘X) =o?

11

(xx)™

X'0X (X'X)~

1

-1



1 4
_02{11111}};
4 1 5 8 2 1 8
1 2
16 0 0 0 0 1
- 0O 1 0 0 0 1
iiéé;}OO%OO 1
L 0 0 0 64 O 1
0O 0 0 0 4 1

|
—_

| —
N
— =
[
0 =
[N
L )
e
N CO Ut — i~

cn‘”

_ 2 4 -2 110 710 o =
-2 = 710 4994 | | —& 55

_ 2 g2 —}2—; o] 9.0933 —2.9733
- L —2.9733  1.1933
And,
P 2 10—1 -1
Var(BGLS‘X):J (X'Q71X)

-1

6 0 0 0 0 1
01 0 0 0 1
:02[}11;;;}002500 1
0 0 0 64 0 1
00 0 0 4 1

1000 _415 1.9724  —0.8185
=0’ [ s } =0’ { _0.8185  0.5397

507 4056

Finally, what is 02? Using the two respective estimates, we have:

1 R / R
&QOLS = E(Y—Xﬁom) (Y—X50L5>
6 1 4 ! 6 1
) 3 11 3 3 1
- = 12-]15 [131} 121 -1]1
31 15 1 8|L%® 15 1
4 1 2 4 1
55
18
And,
.2 1
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1000 07[6 10000071 4 '
010 00 3 0100 0 11
1 :
= 3 00+ 00 12-100 £ 00 15“2}53‘}-
000 & 0 15 000 £ 0 18 '
0000 5|4 0000 & |[1 2
[ 00 0 07T 6 (2 00 0 O][1 4
001000 3 01 000 11
00 3 00 12 -]100 ¢ 00 15 “éigﬂ
000 % 0 15 000 ¢ 0 1 8 '
|00 0 0 5 || 4 000 0 0 | [1 2
[ —0.4539 1" [ —0.4539
|| 01323 0.1323
=3 | 050702 0.50702 | =0.1843
0.0734 0.0734
| —0.2585 | | —0.2585

Using OLS, we have, then:

Y; = 0.6667 + 1.8333.X;
(5.2711)  (1.9095)

And using GLS, we have:

Y, = 1.2184 + 1.1649.X;
(0.6029)  (0.3153)

The GLS estimator produces coefficients that are statistically significant.  Clearly, in the presence of
heteroskedasticity, the standard errors of the GLS estimator will be significantly less than those of the
OLS estimator.

7. Determine whether the following statement is true or false: Suppose that the CLR model applies to
E(Y|X)=Xp

that T is a nonstochastic nonsingular matrix and that Y* = TY and X* = T'X; then the GLS regression
of Y* on X* gives the same coefficient estimates as OLS of Y on X.

Solution Intuitively, this statement appears to be true. Pre-multiplying everything by a nonsingular matrix
T would have the effect of re-scaling both the dependent and independent variables. This could
potentially be problematic, since a linear transformation of a random variable would also transform
the variance.

However, this is exactly what the GLS estimator is designed to deal with. The GLS estimator acts by
pre-multiplying the entire model by a matrix that corrects for a change in the variance of the dependent
variable. It will be shown that this will exactly cancel out the effect of pre-multiplying by 7'

First, note that, since the CLR assumptions apply to this model, we have
Var (TY|X) =TVar (Y| X)T' = o*TT =Q
Therefore, our GLS estimator (under the 7' transformation) is
Bors = ((Ix)Q7'TXx)" (TX) Q 'TY
_ -1 —
= (X'1(*TT) T X)) X'T (o*TT) ' TY
1 !
- <2X’T’ (T~ TlTX> X' (1) Ty
o o
— 02 X/X -1 !/ _ !/ -1 !’ _ 7z
= LX)TXY = (XX XY = fos

That is, the GLS estimator of the Y* = X*3* + ¢* is the same as the OLS estimator of the Y = X + €.
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