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For all that follows, assume that all the assumptions of the CNLR model hold. The purpose of these
notes is to provide rigorous links among the three characterizations of the F' statistic that show up frequently

in econometrics:
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Definition 1 Let X ~ x%(n1), Y ~ x? (na) be independent random variables. Then we say that the random
variable F = % has an F distribution with numerator degrees of freedom ny and denominator degrees

of freedom my. That is, F ~ F (ny,ns).

Proposition 2 Let B be the OLS estimator for the CNLR model and let 62 = T;_k. Then, Fy =
. / B -1, .
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And

This gives us
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Therefore, F' ~ F (p,n — k). &

There are two alternative characterizations of the F' statistic, one involving sums of squared residuals,
the other involving R? values. In order to derive the first one, it is necessary to characterize the estimator

of the restricted model.



Proposition 3 Consider the following two models (resp. the unrestricted and the restricted models):

Y = Xp+e¢ (1)
Y = XB+e T8=n (2)
Let Byp be the OLS estimator for (1) and By the OLS estimator for (2). Then Bp = Byp —
1 .
(XX (T (X)) (PByg = 70)-

Proof. By definition,

Br = argmin(Y — Xb) (Y — Xb)
b:I'b=~,

1
= argmin= (Y — Xb)' (Y — Xb)

b:Tb=n,
The Lagragian for this problem is:
1
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Taking first order conditions, we have:

b) % (—2X’Y + 2X’X/’3R) +IN =0 (3)
(A) FBR % =0 (4)

Rearranging (3) and solving for (3, we have:
—X'Y + X'XBr+T'N =0
X'XBr=X'Y —-T'N

Or
Br=X'X)'XY - (X'X)'T'N =Byp— (X'X)"' TN (5)

Plugging this into (4) to solve for \’

0=TBgr =7 =TByr—T(X'X) " T'XN =,

LX'X)"'I'XN = TByr—"
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Substituting this back into (5):
N N _ _ -1 N
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Which is the desired result. =
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Proposition 4 F =



Proof. Let éyp =Y — Xfyp and ég =Y — X35, Then,
tR—tur=Y — XBp— (Y_XBUR) =X (BUR _BR)

It will prove to be fruitful to first derive an expression for £Rég — &1, pEUR-
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Since &y zéR is a scalar, &y pép = (Epprér) = Eréur. Rearranging, we have:
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= (Bur—Br) X'X (Bun - Br)
If we rearrange the result of proposition (3), we have
Bun— = XX T (X)) (Dyr— )
Substituting this into (6) gives us:
Erér — Eyréur = <FBUR - ’70), (F (X'x)"" F’)_l T(X'X)"
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Recall that

F =1 (Chun—0) (40 0X) 1) (DBun — o)
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And therefore,
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Rearranging, and substituting in 6 = -U1==, we have:
~l A N N
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F= ~
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Which is the desired result. m
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Proof. Recall the formulae for R%, r and R%:
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This gives us:
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Which, by proposition (4) establishes the result. m



