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The de�niteness of matrices comes up quite frequently in dealing with the �nite sample properties of the
OLS estimator. I have put together a short list of basic results for establishing that a matrix is positive
semi-de�nite. I hope eventually to be able to provide a proof for proposition 6.

De�nition 1 An n � n matrix A is positive semi-de�nite if for any non-zero n � 1 vector t, we have
t0At � 0.

Proposition 2 For any n� k matrix X, X 0X is positive semi-de�nite.

Proof. Let t =

264 t1
...
tk

375 6= 0. Then we have
t0X 0Xt = (Xt)

0
(Xt)

= s0s

=
nX
i=1

s2i � 0

Where s is an n� 1 vector de�ned by Xt � s

Proposition 3 Let A be a positive semi-de�nite k � k matrix. Then A0 is positive semi-de�nite.

Proof. Let t =

264 t1
...
tk

375 6= 0. Then we have:
0 � t0At = (t0A0t)0

But since (t0A0t) is a scalar, (t0A0t)0 = t0A0t. Therefore, we have:

t0A0t � 0

Giving us the result.

Proposition 4 Let A be a positive semi-de�nite k � k non-singular matrix. Then A�1 is positive semi-
de�nite.

Proof. Let t 6= 0 be an arbitrary k � 1 vector. Since A is nonsingular, for every k � 1 vector t, there
exists a k � 1 vector s such that As = t. Also, since A is nonsingular and positive semi-de�nite, A0 is also
nonsingular and positive semi-de�nite. We have, then:

0 � s0A0s = s0A0A�1As

= (As)
0
A�1As = t0A�1t

Which establishes that A�1 is positive semi-de�nite.
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Proposition 5 Let X be an n � k matrix. The projection matrix PX = X (X 0X)
�1
X 0 is positive semi-

de�nite.

Proof. Let t 6= 0 be an arbitrary n� 1 vector. Then, since X 0X is positive semi-de�nite by proposition 2
and thus (X 0X)

�1 is positive semi-de�nite by proposition 3, we have:

t0PXt = t0X (X 0X)
�1
X 0t

= (X 0t)
0
(X 0X)

�1
(X 0t)

= s0 (X 0X)
�1
s � 0

Where s � X 0t is a k � 1 vector.

Proposition 6 If A and B are non-singular, positive semi-de�nite, symmetric matrices, then A � B is
positive semi-de�nite if and only if B�1 � A�1 is positive semi-de�nite. (Equivalently, A � B is psd i¤
A�1 �B�1 is nsd.)
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