Section 3.1 Continuity

Theorem 3.1.1
Let f and g be continuous functions and define D = Dom(f) () Dom(g). Then,
() f + g is continuous on D.
(b)  Forany constant «, the function «f is continuous on Dom( f).
(c) fg is continuous on D.

(d) r is continuous at all x € D such that g(x) = 0.
g

Theorem 3.1.2
Let f and g be continuous functions and define

D ={x|x e Dom(g)and g(x) € Dom(f)}
Then f o g is continuous on D.

Theorem 3.1.3
A function f (x) is continuous at a point ¢ in Dom( f) if and only if for each

>0 thereisa ¢ >0 such that for all x in Dom(f):
x—c[<s  implies|f(x)- f(c)|<e.

Section 3.2 Continuous Fcns on Closed Intervals

Theorem 3.2.1
A continuous function on a closed finite interval is bounded.

Theorem 3.2.2
Let f be a continuous function on a closed interval [a,b]. Then, there exist
points ¢ and d in [a,b] such that

f(c)=supf and f(d)=inf f.

[a,b] [a,b]

Theorem 3.2.3 (The Intermediate Value Theorem)
Let f be a continuous function on a closed interval [a,b] such that f(a) = f(b).
Let y be a real number between f(a)and f (b); that is, either f(a) <y < f(b)
or f(a)>y> f(b). Thenthereisa c in (a,b) suchthat f(c)=y.

Corollary 3.2.4

Let f be a continuous function on a closed interval [a,b] and define m =inf f

[
[a.b]

and M =sup f . Then, the range fo f is the interval [m,M].
[a,b]



Theorem 3.2.5
Let f be a continuous function on a closed finite interval [a,b]. Then, f is

uniformly continuous on [a,b].

Section 3.3 The Riemann Integral

Lemma 1
Let Q be a partition which contains the points of P and some additional points.

Then L, (f) < Lo(f) and U, (f)<U,(f)

Lemma 2
Let P and Q be partitions. Then L, (f) <U,(f).

Lemma 3
Let f be abounded function on [a,b]. Suppose that for each ¢ > 0 there is a
partition P so that
U, (f)-Lo(f)<e.
Then f is Riemann integrable

Theorem 3.3.1
A continuous function on a closed interval is Riemann integrable.

Corollary 3.3.2
Suppose that f is a continuous function on [a,b], and let {P,} be a sequence of

partitions such that the maximum length of the subintervals goes to zero as
k —> 0. Let S, be any Riemann sum corresponding to P,. Then

S, — [ f(x)dx as k - oo,

Theorem 3.3.3
Let f and g be continuous functions on the interval [a,b] and let « and £ be
constants. Then

[} (ot (x)+ o (xdx = e[ £ (dx+ [ g(x)dx.

Theorem 3.3.4
Let f and g be continuous functions on the interval [a,b] and suppose that

f(x) <g(x) forall xe[a,b]. Then,
f’ f (x)dx < j:g(x)dx.



Theorem 3.3.5
Let f be a continuous function on the interval [a,b]. Then,

‘ [ £ 00ax < [[]f (o

Corollary 3.3.6
Let f be a continuous function on the interval [a,b]. Then,

‘ [ £ 0odx < (b -a)suplf (o)

Theorem 3.3.7
Let f be a continuous function on the interval [a,b] and suppose that a <c <Db.

Then,
jb f(x)dx = [ f (dx+ [ " £ (x)dx.

Theorems from Lecture

Theorem
Let F:D—>R,ceR. Then limf(x)=L ifandonly if Ve >0356>0>

X—C

whenever x e D\{c}> [x—c|< & |f(X)-L|<e
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