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Problem Set 1 
 
Static Games 

For each of the following games, find 1)  all weak and strict dominant strategy 
equilibria, 2) apply iterated strict dominance, 3)  find all pure and mixed Nash 
equilibria, 4)  indicate which Nash equilibria are trembling hand perfect and why 

 
 1.a  
   L(q) R(1-q) 

U(p) 2 1 0 0 

D(1-p) 0 0 1 2 
  
1) There are no weak or strict dominant strategy equilibria. 
2) No pure strategies are strictly dominated 
3)  

U is a best response for player I to L and L is a best response for player II to 
U, the 

  L(q) R(1-q) 

U(p) 2 1 0 0 

D(1-p) 0 0 1 2 
 

Since 
strategy profile ),( LU=σ is a pure Nash Equilibrium.  Since D is a best response 

for player I to R and R sponse for player II to D, the strategy profile 
),( RD=

is a best re
σ is a pure Nash Equilibrium. 
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4) ( ) is trembling hand perfect, because it is a strict NE. U,L
 (D,R) is trembling hand perfect, because it is a strict NE. 
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) (D,R) is a strict dominant strategy equilibrium. 
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2) Since (()0,6()1,7()),(),,(( 111 UuRDuLDu )),(),,=>>= , the strategy U is 

Since , the strategy R is strictly dominated: 

) A strategy profile is a Nash Equilibrium of a game if and only if it is a Nash 
quilib

nce.  Therefore,  is a pure Nash Equilibrium.  Since it is the only 
ain

) There are no ilibria 

  L 

strictly dominated: 
 

 
 ),(01),( 22 DLuDRu =>= 
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 The remaining strategy profile (D,R) is thus the Nash Equilibrium of the reduced 
form game. 
3
E rium of the game where the dominated strategies have been removed by iterated 
strict domina  ),( RD
rem ing strategy profile, there can be no non-degenerate mixed strategy profiles. 
4) ),( RD  is a strict N.E.  Therefore, it is trembling hand perfect. 
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U     

D   1 1 
 

  L R 

U     

D 7 0 1 1 
 

   L R 

U 6 6 0 7 

D 7 0 1 1 

U 3 3 2 2 1 1
M 2 2 1 1 0 8
D 1 1 8 0 0 0

L M R

1  weak or strict dominant strategy equ



2) Since )),,(),,(),,(()),(),,(),,(( 111111 RUuMUuLUuRMuMMuLMu <<  it follows 
at M is a strictly dominated strategy for player I: 

Since ,(( 2 LMUu
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U 3 3 2 2 1 1
M

 D 1 1 8 0 0 0
 
  )),,(),,(()),(), 222 DuLUuMDu <<  it follows that M is a strictly 
ominated strategy for player II: 
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  )),,(),,(()),( 111 RUuLUuRDu <<  it follows that D is a strictly 
ominated strategy for player I: 

Since ),(2 RUu ictly dominated strategy for 
layer II: 

The rema  is thus the Nash equilibrium of the reduced 
rm game. 

) A strategy profile is a Nash Equilibrium of a game if and only if it is a Nash 
quilib inate

nce.  Therefore,  is a pure Nash Equilibrium.  Since it is the only 
ain

) There are no weak or str tegy equilibria. 
) There are no strictly dominated strategies in this game. 
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 ining strategy profile ),( LU
fo
3
E rium of the game where the dom d strategies have been removed by iterated 
strict domina  ),( LU
rem ing strategy profile, there can be no non-degenerate mixed strategy profiles. 
4)   Since ),( LU  is a strict Nash Equilibrium, it is trembling hand perfect. 
 
 

U 1 3 1 3
D 0 0 2 0

1.d L R
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 ),( LU and  Equilibria. 

For this game, it is easiest to see all the mixed strategies by constructing a best 
sponse correspondence:  Assume player I plays U with probability p and player II plays 
 with probability q. 

drawn.  Since player II is completely 
different between L and R for all of player I’s strategies, the entire graph is player II’s 

est response correspondence. 
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 Player I’s best response correspondence is 
in
b
 Therefore, the mixed strategy profiles that are a mutual best response (i.e. Nash 
Equilibrium) are: 
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4) Trembling hand perfection: 
 Since player II is always indifferent between her two strategies, she will never 
have any incentive to deviate from her strategy when we introduce trembles.  Therefore, 

Construct the “tremb

∈⎟⎟
⎠

⎜⎜
⎝

⎟
⎠

⎜
⎝

− 1,0,
2

,
2

,1, ppp ⎞⎛ ⎞⎛ 11

only player I’s actions are relevant: 
 
 Consider the NE :),( LU  
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 Thus, player I has no incentive to deviate. 

U 1 3 1 3
D 0 0 2 0
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 Thus, player II has no incentive to deviate.  Therefore,  is trembling hand 
perfect. 
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 Thus, player I has no incentive to deviate. 

11111)1(11,1,1 =⎟
⎞

⎜
⎛ −+⎟

⎞
⎜
⎛=⎟⎟

⎞
⎜⎜
⎛

⎟
⎞

⎜
⎛ −Uu

2221
⎠⎝⎟

⎠
⎜
⎝ ⎠⎝ nnn

11 ⎛⎛ ⎛

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ −=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ −

nn
Ru

nn
Lu

2
11,

2
1,

2
11,

2
1, 22  

Thus, player II has no incentive to deviate.  Therefore,  is trembling hand 
perfect. 

Consider the NE of the form
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 are already mixed, we would only have to construct a sequence of “trembles” 
for player II, but since player II does not care what player I plays, these “trembles” will 
clearly deviate.  Therefore, these NE are trembling hand 
perfect. 
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For all of these NE, player I is indifferent between playi and playing D.  
],1,0[∈∀p  player II is also indifferent between playing L and R ce player II’s 

strategies

 not give her any incentive to 
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already al.  Therefore, player I will not deviate. 
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I has no inPlayer I centive to deviate.  Therefore, all these NE are trembling hand 
perfect. 
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Dynamic Games 

 

 

)  

Player I centive to deviate.  Therefore, all these NE are trembling hand 

 

In the game below find 1) the normal form 2) all pure and mixed Nash equilibria 
3) all subgame perfect equilibria 
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1

N

2

2

1

1

(5,5)

(0,0)

(1,2)

(2,2)

(2,2)

(1,4)

(0,1)

(2,4)
(1,1)

.5

.5

U1 R1

D1

L2

U2

D2

L3
R3

L3

R3

U3

U3
D3

D3

0 0 0 0 0 0 0 0 5 5 5 5 5 5 5 5
0 0 0 0 0 0 0 0 5 5 5 5 5 5 5 5
0 0 0 0 0 0 0 0 5 5 5 5 5 5 5 5
0 0 0 0 0 0 0 0 5 5 5 5 5 5 5 5
1 2 1 2 7 3 7 3 1 2 1 2 7 3 7 3

L1L2L3 L1L2R3 L1R2L3 L1R2R3 R1L2L3 R1L2R3 R1R2L3 R1R2R3
U1U2U3
U1U2D3
U1D2U3

D3
U3

D1U2D3
D1D2U3
D1D2D3

(7,3)

L1
R2

1 2 1 2 7 3 7 3 1 2 1 2 7 3 7 3
2 2 1.5 4 7 3 7 3 2 2 1.5 4 7 3 7 3
2 2 0.5 1 7 3 7 3 2 2 0.5 1 7 3 7 3

U1D2
D1U2



2)   

ure N
1U2D3,R1L2R3), (U1D2U3,R1L2L3), (U1D2U3,R1L2R3), (U1D2D3,R1L2L3), 
1D2D3,R1L2R3), (D1U2U3,L1R2L3), (D1U2U3,L1R2R3), (D1U2U3,R1R2L3), 
1U2U3,R1R2R3), (D1U2D3,L1R2L3), (D1U2D3,L1R2R3), (D1U2D3,R1R2L3), 
1U2D3,R1R2R3), (D1D2U3,L1L2R3), (D1D2D3,L1R2L3), (D1D2D3,L1R2R3), 

t 

learly, L1L2

y procedure for 
) Find a strategy that is weakly dominated. 
) Partition the set of possible supports into two sets:  one in which each support 
cludes the pure strategy that, if it were given a positive probability, would cause the 

ther player not to play the weakly dominated strategy; the other in which each support 

lausible” supports. 
g 

 

 
 
 
 
 
 
 
 
 
P E:  (U1U2U3,R1L2L3), (U1U2U3,R1L2R3), (U1U2D3,R1L2L3), 
(U
(U
(D
(D
(D1D2D3,R1R2L3), (D1D2D3,R1R2R3) 
 
Mixed NE:  In order to find the mixed Nash equilibria, it is necessary to first construc
the reduced normal form by eliminating any equivalent strategies: 
 
 
 
 
 
 
 
 
C L3 is a dominated strategy for player II.  (It is dominated by R1R2): 
 
 
 
 
 
 
 
 
M finding the mixed Nash equilibria is as follows: 
1
2
in
o
does not include the aforementioned pure strategy 
3) Continue this process to eliminate the “unp
4) Given the set of “plausible” supports, determine the mixed Nash equilibria usin
the method detailed in the first discussion section. 

0 0 0 0 0 0 5 5 5 5 5 5
1 2 1 2 7 3 1 2 1 2 7 3
2 2 1.5 4 7 3 2 2 1.5 4

U1
D1U2

D1D2U3 7 3
2 2 0.5 1 7 3 2 2 0.5 1 7 3

L1R2 R1L2L3 R1L2R3 R1R2

D1D2D3

L1L2L3 L1L2R3

0 0 0 0 0 0 0 0 5 5 5 5 5 5 5 5
0 0 0 0 0 0 0 0 5 5 5 5 5 5 5 5
0 0 0 0 0 0 0 0 5 5 5 5 5 5 5 5
0 0 0 0 0 0 0 0 5 5 5 5 5 5 5 5
1 2 1 2 7 3 7 3 1 2 1 2 7 3 7 3
1 2 1 2 7 3 7 3 1 2 1 2 7 3 7 3
2 2 1.5 4 7 3 7 3 2 2 1.5 4 7 3 7 3
2 2 0.5 1 7 3 7 3 2 2 0.5 1 7 3 7 3

L1L2L3 L1L2R3 L1R2L3 L1R2R3 R1L2L3 R1L2R3 R1R2L3 R1R2R3
U1U2U3
U1U2D3
U1D2U3
U1D2D3
D1U2U3
D1U2D3
D1D2U3
D1D2D3

0 0 0 0 5 5 5 5 5 5

0.5 1 7 3 2 2 0.5 1 7 3

R1L2L3 R1L2R3 R1R2

D1D2D3

L1L2R3 L1R2
U1

1 2 7 3 1 2 1 2 7 3
1.5 4 7 3 2 2 1.5 4 7 3D1D2U3

D1U2



1) I notice that L1L2R3 is weakly dominated by R1L2R3 and that L1R2 is weakly 
dominated by R1R2. 
2) Suppose U1∈supp )( 1σ .  Then the expected utility for player II of playing 
L1L2R3 is strictly less than the expected utility of playing R1L2R3.  Therefore, L1L2R3 
and R1L2R3 will not be in the support of .2σ   This suggests that we can partition the set 
of possible supports into sets A and ,B  where {=A supports |U1∈supp( )1σ and 
L1L2R3,R1L2R3∉supp( )2σ } and =B {supports |U1 supp(  )}.1∉ σ
 
A) Consider the set of supports {=A supports |U1∈supp( )1σ and 
L1L2R3,R1L2R3∉supp( )2σ }.  The “Feng-Powell reduced form” (for lack of a better 
name) of the game which does not include the strategies which are not in the support of 
one of the players is: 
 
 
 
 
 
 

5 5 5 5 5 5
1 2 1 2 7 3
2 2 1.5 4 7 3
2 2 0.5 1 7 3D1D2D3

U1
2

D1D2U3

A1) 
2) Suppose at least one of D1U2, D1D2U3, D1D2D3

I notice that R1L2L3 is weakly dominated by R1R2. 
A ∈supp( )1σ .  Then 

1L2L3 supp(R ∉ ).2σ   This suggests that we can partition the set A into the sets C and D, 
here supports|at least one of D1U2, D1D2U3, D1D2D3 ⊃A {=C ∈supp( )1σ , w

R1L2L3 supp(∉ )}2σ  and ⊃A {=D supports|D1U2∉supp( )1σ , D1D2U3 supp(∉ )1σ , 
D1D2D3∉supp( )1σ }. 
 
B) Consider the set of supports {=B supports|U1∉supp( )1σ }.  The “Feng-Powell 
reduced  the game which does not include the strategies whi h are n in 
support o  one of  playe
 
 

 form” of c ot the 
f  the rs is: 

1) I notice that D1U2 is weakly dominated by D1D2U3 and D1D2D3 is weakly 
ominated by D1D2U3.
2) Suppose at least one of L1L2R3 or R1L2R3

D1U

R1R2R1L2L3 R1L2R3

1 2 7 3 1 2 1 2 7 3
1.5 4 7 3 2 2 1.5 4 7 3
0.5 1 7 3 2 2 0.5 1 7 3D1D2D3

D1U2
D1D2U3

R1R2L1L2R3 L1R2 R1L2L3 R1L2R3
 
 
 
 
B
d  
B ∈supp( )2σ .  Then D1U2 and 

1D2D3 suppD ∉ ).( 1σ   This suggests that we can partition the set B into the sets E and F, 
here supports|at least one of L1L2R3, R1L2R3 {=⊃ EB ∈supp( )2σ , D1U2, w

D1D2D3∉supp )( 1σ } and {=⊃ FB supports| L1L2R3,R1L2R3∉supp )( 2σ } 
 



C) Consider the set of supports ⊃A {=C suppo ts|at le one of D1U2, D1D2
D1D2D3∈supp(

r ast U3, 
)1σ , R1L2L3∉supp( )}2σ .  The “Feng-Powell reduced form” of the 

game which does not include the strategies which are not in the sup t of one o
players is

por f the 
: 

1) I notice that D1U2 is weakly dominated by D1D2U3 and D1D2D3 is weakly 
ominated by D1D2U3. 
2) Suppose R1L2R3

 

5 5
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R1L2R3
5 5

2 7 3
1.5 4 7 3
0.5 1 7 3

U1
1U2

D1D2U3
D1D2D3

R1R2 
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d
C  and D1D2D3 ∈supp( )2σ .  Then D1U2 ∉supp( )1σ .  This 

ggests that we can partition th C into the sets G and H where supports| 
1L2R3 supp(

e set {=⊃GCsu
∈ )2σ , D1U2, D1D2D3 ∉supp( )1σ } and {=⊃ HCR supports| 

R1L2R3∉supp( )2σ }. 
 

⊃A {=D supports|D1U2∉supp( )1σD) Consider the set o supporf ts , 
D1D2U3∉supp( )1σ , D1D2D3∉supp( )1σ }.  The “Feng-Powell red ” of the 
game which does not include the strategies whi are not 
players is

uced form
ch in the support of one of the 

: 

 Feng-Powell reduced form game clearly gives rise to a continuum of mixed 
rategies for this game of the class: 

 
 
 
 
 
D4) This

5 5 5 5 5 5
R1 2R3 R1R2

U1

st
 (=Dσ (U1),( 1p R1L2L3 2p+ R1L2R3 )1( 21 pp −−+ R1R2)). 

) Consider the set of supports 
 

{=⊃ EBE supports|at least one of L1L2R3, 
R1L2R3∈supp( )2σ , D1U2, D1D2D3∉supp )( 1σ }.  The “Feng-Powell reduced form” of
the game which does not include the strategies which are not in the support of one of the 

layers i : 
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 Feng-Powell reduced form game clearly gives rise to a continuum of mixed 
rategies for this game of the classes: 

L2L3 R1L

p
 
 
 
 
 
E4) This

1.5 4 7 3 2 2 1.5 4 7 3
L2L3 R1L2R3 R1R2L1L2R3 L1R2

D2U3
R1

D1

st
 R1L2R3)) (1 =Eσ (D1D2U3),( 1p L1L2R3+ )1( 1p−

(2 =Eσ (D1D2U3),( L1R2+1p )1( 1p− R1R2))  
 



{=⊃ FB supports|L1L2R3,R1L2R3 supp∉ )(F) Consider the set of supports 2σ }.  

he players is: 

L1R2 and R1R2.  This gives rise to 
e reduced form: 

owell reduced form game clearly gives rise to a continuum of mixed 
rategies for this game

The “Feng-Powell reduced form” of the game which does not include the strategies 
which are not in the support of one of t
 
 
 
 
 
 

1) I notice that R1L2L3 is strictly dominated by 

7 2 7
L1R

D1U2
L2L3 R1

3 1 3
2 R1 R2

7 3 2 2 7 3
7 3 2 2 7 3

D1D2U3
D1D2D3

F
th
 

7 3 7 3
7 3 7 3

D1U2
D1D2U3

L1R2 R1L2L3 R1R2
 
 
 7 3 7 3D1D2D3
 
 

4) This Feng-PF
st  of the class: 
 (=Fσ ( 1q D1U2 D1D2U32q+ )1( 21 qq −−+ D1D2D3),( L1R2+ R1R2)) 

) Consider the set of supports 

1p )1( 1p−
 
 
G {=⊃GC supports| R1L2R3∈supp( )2σ , D1U2, 
D1D2D3 ∉supp( )1σ }.  The “Feng-Powell reduced form” of the game which does not 
include the strategies which are not in the support of one of the players is: 

4) There are no mixed NE in this game.  (I checked using the usual methods, which I 
ill not detail here since it is bo

) Consider the set of supports 

 
 
 
 
 
 
 
G
w ring.) 
 
H {=⊃ HC supports| R1L2R3∉supp( )2σ }.  The 
Feng-Powell reduced form” of the game which does not include the strategies which are 
ot in the support of one of the players is: 

“
n
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R1L2R3 R1R2

5 5 5
1.5 4 7 3

U
D1D2U3

5 5
7 3
7 3
7 3

D1D2U3
D1D2D3

R1R2
U1

D1U2



H1) I notice that U1 is strictly do U3, and D1D2D3. 

4) This Feng-Powell reduced form game clearly gives rise to a continuum of mixed 
rategies for this game of the class: 

minated for I by D1U2, D1D2
 
 
 
 
 
 
 
H
st
 ((=Hσ 1q D1U2 D1D2U32q+ )1( 21 qq −−+ D1D2D3),(R1R2)). 

herefore, all the mixed NE of this game are of the form:  (Where the ps and the qs 

 
 
T
follow the usual rules for a probability: 
 

(=Dσ (U1),( 1p R1L2L3 2p+ R )21 pp1L2R3 1( −−+ R1R2)) 
 (1 =Eσ (D1D2U3),( L1L2R3+1p )1( 1p− R1L2R3)) 
 (2 =Eσ (D1D2U3),( 1p L1R2+ )1( 1p− R1R2)) 

(=Fσ ( 1q D1U2 2q+ D1D2U3 )1( qq 21 −−+ D1D2D3),( p L1R2+ )1( p− R1R2)) 1 1

 ((=Hσ 1 2 1q D1U2 D1D2U3 qqq+ )1( 2−−+ D1D2D3),(R1R2)) 
 

 

)  Because we are using expected utility, this game is equivalent to the following game: 
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1 2

2

1

(5,5)

(0,0)

(1,2)

U1 R1

L1D1

L2

R2

U2

D2

(7,3)

2 1

(2,2)

L3

R3
U3

D3

(3/2,4)

(1/2,4)

7 3
7 3

R1R2
U1

D1U2
D1D2U3

7 3D1D2D3



 
Performing the usual test for finding subgame perfect equilibrium, I find: 

hat is, (U1D2U3,R1L2R

ominance and Nash Equilibrium 
Prove that a profile is a Nash equilibrium of a game if and only if it is the Nash 
equilibrium of the game in which strategies have been removed by iterated strict 

 of a game in which strategies have 
been removed by iterated weak dominance is a Nash equilibrium of the original 
game.  Give an example of a Nash equilibrium of a game that is not a Nash 

 strategies have been removed by iterated weak 

 
Before  
will no
 
Definit

 
 

1 2 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
T 3) is subgame perfect. 
 
 
D

dominance.  Prove that a Nash equilibrium

equilibrium of the game where
dominance. 

I begin these proofs, I start with several definitions and a couple lemmas, which
t be proven (they have been proven elsewhere): 

ion:  A game G is an ordered triple ),,( uN Σ  consisting of players, strategies, an
 for the playe

d 
payoffs rs.   

 
d ultimately nothing more than an 

xercise in mathematical accounting, to account for this rigorously. 

ibrium of G

 
Disclaimer:  I will ignore restrictions of the payoff function when I reduce the domain on
which it is defined.  It would become far too tedious, an
e
 
Definition:  A Nash equil  is a strategy profile *σ  satisfying 

.'*),'(*)*,( Sssu ∈∀≥ iiiiiiii −−u σσσ  
 
Lemma 1:  *σ  is a Nash equilibrium of G iff it satisfies:  

.'*),'(*)*,( iiiiiiii uu Σ∈∀≥ −− σσσσσ  

2

1

(5,5)

(0,0)

(1,2)

U1 R1

L1D1

L2

U2

D2

(7,3)
R2

2 1

(2,2)

L3

R3
U3

D3

(3/2,4)

(1/2,4)



Definition:  The set of all mixed strategies which have the strategy  in their support is i

denoted:  ∈Σ∈≡ ss |{)(
s

iiii σψ supp )}( iσ . 
 
Definition:  For some ,Nj∈  a pure strategy jj Ss ∈  is cad lled dominated if 

∈∀< σ  

 is dominat

)(\ d
jjj sψσ Σ∈∃  satisfying .),(),( jjjjjj

d
jj Sssussu −−−−

 
Lemma 2:  ed iffj

d
j Ss ∈  jj Σ∈∃σ  satisfying ),(),( jjjj

d
jj usu −− < σσσ  

.jj −− Σ∈∀σ  

Definition:  For so  pure strateg  is called weakly dominated
 

me ,Nj∈  a y j
d

j Ss ∈  if 

 with the inequality strict 

−∈
 

emma 3:   is weakly dominated iff

)(\ d
jjj sψσ Σ∈ satisfying jjjjjj

d
jj Sssussu −−−− ∈∀≤ ),(),( σ∃

for some s−  .' jj S

j
wd

j Ss ∈  jj Σ∈∃σ  satisfying 

j−σ ),

L

(),( jjj
wd

jj usu − ≤ σσ  jj −− Σ∈∀σ  wit equality strict for some h the in σσ ∈'j

Proof 1:  P t i

. 
 

rove tha f a profile is a Nash equilibrium of a game, then it is a Nash 
 of the game in which strategies have been removed by iterated strict 

ominance 
equilibrium
d
 Suppose we have the game ,,( uNG )Σ= .  Suppose for G ∃ a dominated strategy 
for some If no such s ominance 

ould be impossible and the proof would be trivially true.) 
 :Nj∈   .j

d
j Ss ∈   ( trategy existed, then iterated strict d

w
 Claim:  ∈∀ is supp *),( iσ is  is not dominated. 

Proof of claim (by contradiction):  Take Ni∈  arbitrary and suppose 
∈∃ is supp *)( iσ )(\ iii sψσ Σ∈∃∋ satisfying 

),(),( iii sussu −<iii − σ .ii Ss −− ∈∀   (i.e. is  is dominated)  Since this 
holds ,ii Ss −− ∈∀  it holds for all mixed strategies ii −− Σ∈σ  by Lemma 2.  In 

e h ep tic lar, w  (*),( iiiii usu −ar : i−u av .*),   Since supp< σσ σ ∈is *),( iσ  it 

i−follows that *,(*),( iiiii usu − *)= σσσ  since in a Nash equilib

*),(*),(*) iiiiii us −−−

rium, each 
player is indi rategies on which he places positive 
probability.  Theref iii uu

fferent between all st
ore, *,( <= σσσσσ  for

i Σ∈
 some 

,iσ  which contradicts *iσ  being a Nash equilibrium.  Therefore, is  
is not dominated. 

the game ame where for some 

,  the strategy j
d

j Ss ∈  has been eliminated by iterated strict dominanc

 Construct .  G’ is the g

particular Nj∈ e. 

)),(\,(' usNG d
jψΣ=

 



Since no u∈is s pp *)( iσ  is dominated, no such is  could have been eliminated by 

ominance, so *σ ∈iterated strict d d
jsψΣ     In addition, since ).(\

*),'(*)*,( iiiiii suu −− ≥ σσσ ,'i ∈ hat *),'(*)*,( iiiiii suu −− ≥iS∀  it follows ts σσσ  

Ss \'∈∀  the independe rrelevant alternatives axiom (see Binmore).  This d
iii s  by nce of i

proves that a Nash equilibrium  
m of a game where a single strategy has been removed by 

 G’ contains no m
done.   

Other

fices to show that if

of G is a Nash equilibrium of G’.  (i.e. a Nash equilibrium
of a game is a Nash equilibriu
iterated strict dominance.)  If ore dominated strategies, then we are 

wise, we can repeat the process again until we run out of dominated 
strategies.  As proven, a Nash equilibrium of each game will be a Nash equilibrium of the 
game that follows after a single strategy has been removed by iterated strict dominance.  
Therefore, a Nash equilibrium of the original game will be a Nash equilibrium of the 
game where all dominated strategies have been removed by iterated strict dominance.  
Q.E.D. 
  
Proof 2:  Prove that if a profile is a Nash equilibrium of the game in which strategies have 
been removed by iterated strict dominance, then it is a Nash equilibrium of the original 
game. 
 It suf *σ  Nash equilibrium of the game jψΣ=  

 equilibrium of the game
 )'),(\,(' usNG d

 ).,,( uNG Σ=it is also a Nash   Then an inductive argument can 
establish that *σ  is a Nash equilibrium of the original game. 
 Since for some ,Nj∈  ds  was dominated in G, by definition, we have that j

∋Σ∃ )(\ d
jj sψ .),(),( jjjjj

d
jj Sssssu −−−− ∈∀< σ   Let *∈jσ u j σ  b

of the game ).'),(\,(' usNG d
iψΣ=   That i ,

e a Nash equilibrium 

s, \ jNi ∈∀  *),('*)*,(' iiiiii suu −− ≥ σσσ  

i Ss ∈∀ .  For .\*),('*)*,(' d
jj sSssuu ∈∀≥− σσσ    i jjjjjjj −

 In order to estab a *
,j

lish th t σ  is a Nash equilibrium for G, we need to show that 
,Ni∈∀ .*),(*)*,( iiiiiiii Sssuu ∈∀≥ −− σσσ   Therefore, i ces

) j
d

jj su −≥ σ   The lready bee established by the definition of 

t suffi  to show that 

**,( jjju −σσ  rest has a n *).,(
*σ  being a Nash equilibrium of G’. 

t 
is, that
 Suppose in order to get a contradiction, that *).,(*)*,( j

d
jjjjj suu −− < σσσ   (Tha

 *σ  is not a Nash equilibrium of G) 
Since  is a domina

u ( ju −− Σ∈∀σ) by Lemma 

  
ted strategy, )(\ d

jjj sψσ Σ∈∃  satisfying 

⇔∈∀< −−−− jjjjjj
d

j Sssuss ),(), σ

d
js

j jjjjjj
d

j us − < σσσ ,(),(

2.  Since this holds ,jj −− Σ∈∀σ  it holds for *j−σ ⇒ *).    

Therefore, *),(*)*,( dsuu < σσσ

,(*),( jjjj
d

jj usu −− < σσσ

(*) , jjjj u −− < σσ  for some   
That is

 ).(\ d
jjj sψσ Σ∈jjjjj −

, *σ  is t a NE of G’ by Lemma 1 no , which is a contradiction.  Therefore, *σ  
must be a Nash equilibrium of G.   

 of generali  to as e that G’ is the final game 
ted strict do  is the original game.  Then we are 

Without loss ty, it suffices sum
remaining after itera minance.  Suppose G



done.  I e original game, we can iteratively add dom tegies of the f G is not th inated stra
original game to our G to create new games (of which *σ  will be a Nash equilibr ) 
until we reach the original game.  *

ium
σ  will be a Nash equilibrium of this game.  Q D

 
.E. . 

 Proof 3:  Prove that if a profile is a Nash equilibrium of the game in which strategies have
been removed by iterated weak dominance, then it is a Nash equilibrium of the original 
game. 
 The proof here is almost identical.  It suffices to show that if *σ  Nash equilibrium
f the game wdψΣ= rium of the game 

 

j  it is also a Nash equilib)'),(\,(' usNGo
).,,( uNG Σ=   Then an inductive argument can establish that *σ  is a Nash equilibrium 

of the original game. 
 Since for some ,Nj∈  js  was weakly dominated in G, by definition, we have 

that Σ∈∃ wd
jσ jjjjjj

wd Sssu −−− ∈∀≤ ),() σ with at least one

wd

∋)(\ jj sψ ssu −,(  strict.  

Let 
jj

*σ  be a u

i−

Nash equilibrium of the game ).'(\,(' sNG wd
iψΣ=   That is, ,\ jNi∈∀  

,('*)*,(' iiiii suu − ≥
),

*)σσ σ  ii Ss ∈∀ .  For *),('*)*,(', jjjjjj suuj −− ≥ σσσ  
wd

jj s\∀ .   
 

j Ss ∈
In order to establish that  is a Nash equilibrium for *σ G, we need to show that 
,i∈∀ .*),(*)*,( iiiiiiii SssuuN ∈∀≥ −− σσσ  to show th

* rest has already been 

 Therefore, it suffices at 

 The established by the definition of ).,(*)*,( j
wd

jjjjj suu −− ≥ σσσ  
*σ  being a Nash equilibrium of G’. 

at 
is, that
 Suppose in order to get a contradiction, that *).,(*)*,( jjjjjj suu −− < σσσ   (Thwd

 *σ  is not a Nash equilibrium of G) 
Since is a weakly 

u (

  
dominated strategy, )(\ wd

jjj sψσ Σ∈∃  satisfying 

jjjjjj
wd

j Sssuss −−−− ∈∀≤ ),(), σ  with at leas

wd
js  

j t one strict ⇔  

),(), jjjj uu −− ≤ σσσ  jj −( wd
jj s Σ∈∀σ with at least  this 

holds ,jj −Σ∈∀

one stri  Lemma 2.  Sincect by

−σ  it holds for *j−σ ⇒ ( wd
jj su *).,(*), jjju −≤ σσσ    

ore, jjjj − σσ  for som

  That is, 
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Theref  *),(*)*,( , jjjj
wd
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).(\ wd
jjj sψσ Σ∈ *σ  is no  1, hich is a contradiction.  

Therefore, 
t a NE of G’ by Lemma  w

*σ  must be a N h equilibr
Without loss of generality, it suffices to assume that G’ is the e 

remaining after iterated weak dominance.  Suppose G is the origin .  Then we are 
done.  e original game, we can iteratively add wea ted strategies 
of the original gam  to

as ium of G.   
 final gam

al game
If G is not th kly domina

e to our G  create new games (of which *σ  will be a Nash 
equilibrium ntil we reach the original game.  *) u σ  will b
game.  

e  equilibrium of this  a Nash
Q.E.D. 

 
 
 
 



 
Example of a Nash equilibrium of a game that is not a Nash equilibrium of the game 

here strategies have been removed by iterated weak dominance: 

    

 perform iterated 
eak dominance on this game, the strategy L for player II is eliminated: 

h equilibrium ,( LD

ackward Induction 
There are five pirates with nam 5.  They have just seized a hundred gold 
coins, and now it’s tim .  The bargaining rules are:  Whoever has 
the lowest numb e a division of the one hundred coins to 

e prop sal, then the coins are 
allocated and the game ends.  If the majority does not accept, then the proposer 

rboard and the game is repeated with one less pirate.  What should 

 
The an
not peo .  I 
will def
there ar
pirates  thrown overboard.  If a pirate is indifferent between 

oting yes and voting no, he will vote no (I am throwing away some subgame perfect 

 

uppose pirates 4 and 5 are left (2 pirates are needed for a majority):  Since, if pirate 4 is 
thrown overboard, pirate 5 gets to keep 100 coins, pirate 5 will not accept any fewer than 
101 coins.  Pirate 4 cannot win a majority without pirate 5’s approval.  Thus, pirate 4 will 
be thrown overboard.  (Pirate 4 will vote yes, pirate 5 will vote no) 
 

w
 
 
 ⇒  
 
 
The pure strategy Nash equilibria are:  ).,(),,(),,( RDLDRU   If we

U 3 2 2 3
D 3 2 2 2

L R
U 3 2 2 3
D 3 2 2 2

L R

U 2 3
L R

D 2 2

w
 
 
 
 
However, this iteration removes the Nas .  
 

 )

B
es 1,2,3,4,

e to share the loot
er as a name must propos

the remaining pirates.  If the majority accepts th o

gets thrown ove
the first pirate propose? 

swer to this question clearly depends on how we define a majority and whether or 
ple get less utility from being thrown overboard than from acquiring zero coins
ine a majority to be one half of the number of pirates voting plus one.  (i.e. if 
e four pirates, three pirates forms a majority)  In addition, I will assume that the 
prefer zero coins to being

v
equilibria here, but this is just for brevity’s sake). 
 
Suppose only pirate 5 is left (1 pirate is needed for a majority):  Pirate 5 will keep 100
coins for himself.  (Pirate 5 will vote yes) 

  Pirate 1 Pirate 2 Pirate 3 Pirate 4 Pirate 5 

Coins  OverboardOverboard Overboard Overboard 100  

 
 

 
S



  Pirate 1 Pirate 2 Pirate 3 Pirate 4 Pirate 5 

Coins Overboard Overboard Overboard Overboard 100  
 
 
Suppose pirates 3, 4, and 5 are left (2 pirates are needed for a majority):  If a majority is 
not reached here, the results of the previous case will hold.  That is, pirate 4 will get 
thrown overboard and pirate 5 will get 100 coins.  Therefore, pirate 4 will accept any 
offer from pirate 3.  Pirate 3 will then offer 0 coins to pirate 4, zero to pirate 5 and keep 
the rest for himself.  (Pirate 3 will vote yes, pirate 4 will vote yes, pirate 5 will vote no) 

s, 
 

 

 

uppose all pirates are present (3 pirates are needed for a majority):  Pirate 5 will accept 

irate 4 will vote yes, pirate 5 
will vote no) 

 

 
  Pirate 1 Pirate 2 Pirate 3 Pirate 4 Pirate 5

Coins  OverboardOverboard 100 0 0 

 
 

Suppose pirates 2, 3, 4, and 5 are left (3 pirates are needed for a majority):  Pirate 5 will 
accept anything greater than 0 coins, pirate 4 will accept anything greater than 0 coin
pirate 3 will not accept anything less than 101 coins.  Thus, pirate 2 will offer 1 coin to
pirate 4 and 1 coin to pirate 5, keeping the rest for himself.  (Pirate 2 will vote yes, pirate
3 will vote no, pirate 4 will vote yes, pirate 5 will vote yes) 

  Pirate 1 Pirate 2 Pirate 3 Pirate 4 Pirate 5

Coins Overboard 98 0 1 1 
 
 
S
anything greater than 1 coin, pirate 4 will accept anything greater than 1 coin, pirate 3 
will accept anything greater than 0 coins, and pirate 2 will reject anything less than 99 
coins.   
Case 1:  Pirate 1 will offer 1 coin to pirate 3, 2 coins to pirate 4, and keep the rest.  (Pirate 
1 will vote yes, pirate 2 will vote no, pirate 3 will vote yes, p

Case 2:  Pirate 1 will offer 1 coin to pirate 3, 2 coins to pirate 5, and keep the rest.  (Pirate 
1 will vote yes, pirate 2 will vote no, pirate 3 will vote yes, pirate 4 will vote no, pirate 5 
will vote yes) 
 
 

 

Case 1 Pirate 1 Pirate 2 Pirate 3 Pirate 4 Pirate 5

Coins  97 0  1  2  0  
 

Case 2 Pirate 1 Pirate 2 Pirate 3 Pirate 4 Pirate 5

Coins 97 0 1 0 2 
 



 
Correlated Equilibrium 

Consider the game 
 

 
Show that the correlated strategy profile 
 

d equilibrium 
 

 
is in fact a correlate

Solution:  It suffices to show that neither player has any incentive to deviate from the 
action which they are told to play. 
Suppose player I is told to play U: 
 Player I knows that the randomizer has told player II to play L with probability .5: 
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Player I will pick U. 

Suppose player I is told to play D: 
 r has told player II to play L with probability 1: 

 L R 
U 0 0 2 1 
D 1 2 0 0 

 

 L R 
U 1/3 1/3 
D 1/3 0 

 

 L R 

 1/2 1/2 
 

Player I knows that the randomize
⎫=+= 0)2)(0()0)(1()(Uu

 
⎭
⎬=+= 1)0)(0()1)(1()(1 Du

Player I will pick D. 

Suppose player II is told to play L: 

1

 Player II knows that the randomizer has told player I to play U with probability .5: 
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Player II will pick L. 

 Player II knows that the randomizer has told player I to play U with probability 1: 

 
=+= 0)2)(0()0)(1()(2 Lu

Player II will pick R. 

is, this is a correlated equilibrium. 

  

U 1/2 
D 1/2 

 

Suppose player II is told to play R: 

⎭=+= 1)0)(0()1)(1()(2 Ru ⎬
⎫

Thus, no matter what the randomizer tells the players to do, they will not deviate.  That 
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