
6.5.7 Suppose that .  Prove that zzn →
 
6.5.7.a zzn →  
Lemma 6.5.7.a: 
 If , then C∈', zz '' zzzz −≤− . 
Proof of lemma 6.5.7.a: 

'''' zzzzzzz +−≤+−=
Þ  by the triangle inequality of the 

modulus. 
zzzzzzz +−≤+−= ''' ⇒ ''' zzzzzz −=−≤−   by the triangle inequality of 

the modulus and homogeneity. 
⇒ { } '','max' zzzzzzzz −≤−−=− .  Q.E.D. 
 

Proof of exercise 6.5.7.a: 
Since  we have that ,zzn → ,)(0 NnN ≥∀∋∈∃>∀ Nεε ε<− zzn .  Let 0>ε  
be arbitrary.  Then  by lemma 6.5.7.a, we have that  ,Nn ≥∀

ε<−≤− zzzz nn .  That is, zzn →  as .∞→n   Q.E.D. 
 
6.5.7.b zzn →  
Lemma 6.5.7.b 
 Let , nnn iyxz += iyxz += .  Then  ⇒  and . zzn → xxn → yyn →
Proof of lemma 6.5.7.b 

zzn → ⇒ ( ) εεε <−+−=−≥∀∋∈∃>∀ 22 )(,)(0 yyxxzzNnN nnnN .  Let 

0>ε  be arbitrary.  Then ,Nn ≥∀  ( ) ( ) ε<−+−≤− 22 yyxxxx nnn  and 

( ) ( ) ε<−+−≤− 22 yyxxyy nnn .  That is,  and .  Q.E.D. xxn → yyn →
 
Proof of exercise 6.5.7.b: 

Since  ⇒  and , if we can show that  and  
⇒ 

zzn → xxn → yyn → xxn → yyn →
zzn →  if, then we are done. 

 
Suppose  and .  Then xxn → yyn →

,)(0 11 NnN ≥∀∋∈∃>∀ Nεε
2
ε

<− xxn  and N∈∃ )(2 εN   ,2Nn ≥∀∋

.
2
ε

<− yyn  

 
Let 0>ε  be arbitrary.  Then },max{ 21 NNn ≥∀ , we have that 

( ) ( )22)( nnnnnnn yyxxyyixxyxiyxzz −+−=−+−=+−−=−  
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.  That is, zzn → . 

 
Thus, we have  zzn → ⇒ xxn → ∧ yyn → ⇒ zzn → .  Q.E.D. 

 
6.5.7.c  is a bounded sequence. }{ nz
Proof of exercise 6.5.7.c: 

For this exercise, I will assume that a sequence of complex numbers is “bounded” 
if ,0 nM ∀∋>∃ Mzn ≤ .  I saw no formal definition in the text. 

 
Since  as , we have that zzn → ∞→n ,)(,0 NnN ≥∀∋∈∃>∀ Nεε ε<− zzn .  

By lemma 6.5.7.a, we also have that ε<−≤− zzzz nn ⇒ ε+< zzn .  Let 

1=ε .  Then , we have that )1(Nn ≥∀ 1+< zzn .  Let { }1,,..., 11 += − zzzM N .  

Then  ,n∀ Mzn ≤ .  ..ei { }nz  is a bounded sequence.  Q.E.D. 


