6.5.7 Suppose that z, — z. Prove that

6.5.7.a |z,| > ]
Lemma 6.5.7.a:
If z,z'e C, then Hz|—|z” <lz-1z.
Proof of lemma 6.5.7.a:
2| =]z -z+2|<|z-2]+]z]
modulus.
2| =|z-z+ 7| <|z'-2|+|7| =|z|-|z| <|2'-7| =|z - 2] by the triangle inequality of
the modulus and homogeneity.
= Je|-[2] = max{z| [z} 21~ e} <[z~ 21. QED.

p by the triangle inequality of the

Proof of exercise 6.5.7.a:
Since z, — z, we have that V& >03N(¢) eN>Vn=N, |z, -z|<¢. Let £>0

be arbitrary. Then ¥n> N, by lemma 6.5.7.a, we have that
|zn|—|z” <|z, -7|<e. Thatis, |z,| —>|z| as n > . QE.D.
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Lemma 6.5.7.b

Let z, =x,+1y,, z=x+iy. Thenz, >z = x, > xand y, > V.
Proof of lemma 6.5.7.b

z, —>z:>Vg>OEIN(g)eN9Vn2N,|zn—z|:\/(xn—x)2+(yn—y)2 <e¢. Let

& >0 be arbitrary. Then ¥n>N, |x, — X < &, =x) +(y, - y)* <& and

Y, —y|£\/(xn ~x)’ +(y,—y)’ <. Thatis, x, > x and y, - y. Q.ED.

Proof of exercise 6.5.7.b:
Since z, >z = x, > x and y, —> vy, if we can show that x, - x and y, -y
= 7, — Z if, then we are done.

Suppose x, > x and y, —> y. Then

Ve>03N,(e)eN>Vn>N,, |xn—x|<% and IN,()eN >Vn>N,,
|yn_y|<i'
J2

Let £ >0 be arbitrary. Then ¥n > max{N,,N,}, we have that
2, ~ 2] =[x, —iy, = x+ Y| =[x, = x+i(y = y,) =4/(x, =% +(y -y, ]




<\/[%}2+[%T :\/g:\/g_z:g_ Thatis, Z, > Z.

Thus, we have z, > z=Xx, > X Ay, > y=Z, >Z. QED.

6.5.7.c {z,} is a bounded sequence.

Proof of exercise 6.5.7.c:
For this exercise, | will assume that a sequence of complex numbers is “bounded”

if 3M >0 vn, |z,|<M . I saw no formal definition in the text.

Since z, —z as N — o, we have that Ve >0,3N(e)eN>Vn>N, |z, —z|<e.
By lemma 6.5.7.a, we also have that |z,|-|z| < |z, - 7| < e =|z,| <|z| + &. Let
¢=1. Then ¥n> N(1), we have that |z,| <|z|+1. Let M = ﬂzl|,...,|zN_l|,|z|+1}.
Then ¥n, |z,|<M. ie. {z,} is abounded sequence. Q.E.D.



