5.8.7 Show that

[#]= [ o) ox
is a norm on the space of bounded continuous functions on R.

A norm satisfies the following three properties:
i) |f|=0if f isidentically 0and|f|>0 if f isnot identically 0.

ii) VaeR, |of | = || ]|
i) vf,geV,|f+g|<]|f]+]g]
Proof of exercise 5.8.7:
i) Suppose f =0VxeR. Then |f(x)=0VxeR.
= [ [f (e dx=] 0dx=0

Suppose 3ce R > f(c) = 0. Then |f(c)=d >0. Since fis continuous, |f| is

continuous.
=Ve>035>05 ve,c¢' satisfying|c —c¢| < 5, we have |f(c) - f(c")|<e. Since

this holds V& > 0, it holds for & :%. Thatis, 36 >0>Vc'e (c—9d,c+9),

d d d
FO-|T@)]<]f©- ) < S=0<d -2 =7 <[f(c)
We also have that on the interval (c—35,c+6), e™* = min{fe ¢ e ' }=¢
:>J1| i (x)|e‘Xz dx > J;ij f (x)|e‘XZ dx
Since |1‘(x)|e‘XZ >|f(X)|r Vx e (c—&,c+5), we have by theorem 3.3.4,
C+9, 2 C+0, C+ d ,
[71f 0 dx = [T £ (x)fecde > [ _;Erdx —&r=¢>0

Therefore, |[f|>0 if f isnot identically 0.

i) Let « eR. Then |of| :f;|af (X)e™ dx = I:|a|| f (x)le™ dx by proposition

1.1.2.b. By theorem 3.3.3, we have: J.:|a|| f (x)|e‘X2 dx = |a|ﬁo| f (x)|e‘X2 dx

:|a|||f||. Therefore, we have: ||af||=|a|||f||.



i) | f+gf =" |f(x)+g(e™ dx< r;q f(x)|+|g(x)|)e ™ dx since

VX, | (x) + g(x)| <[ f (x)|+|g(x)| by proposition 1.1.2.c and theorem 3.3.4.
:>Ji(] f )]+ |g(x)|)e‘XZ dx = Iiﬂ f (x)|e‘XZ + |g(x)|e‘Xz )dx

:J':| f (x)|e‘Xz dx+f;|g(x)|e‘XZ dx by theorem 3.3.3 since f is continuous, |f| is

. VI .
continuous, and e ™ is continuous.

=|f + g||sfm|f(x)e‘xzdx+j:|g(x)e‘xzdx =|f[+[g] QE.D.




