5.8.6 Provethat R" is complete in the Euclidean norm. Hint: show that a sequence is
Cauchy in R"if and only if each of the sequences of components is Cauchy in R.

Proof of exercise 5.8.6:
Notation: If xe R" x =(X,,...,X,) where x; € R Vi.

Let {x™3} < R" be a Cauchy sequence of n-tuples. Thatis, V& >03N(e) N
5Vm,m'> N, Hx(m) - X(m')H2 <é.

k=1

Thus, Vm,m'> N, \/Z(Xk(m) - Xk(m‘))2 <&

(m)

\/Z(x —-x,™)? <.

Therefore, the sequence {xj(m)} is a Cauchy sequence of real numbers. By the

For each je{l,...,n}, we have: ‘xj m

axiom of completeness (see section 2.4), {x,™} has a limit x; € R.

Thatis, V&'>03N,(¢)eN>Vm=N,, ij(m’ —xjH2 <%.
n

Let X =(X;,...,X,). Since Vi, x, eR, xeR".

Then Vm > max{N,,..., N}, we have:

n n 2 2
S 0 < S| < ns

k=1

That is, xX™ converges to a point x € R. Therefore, every Cauchy sequence in
R" hasalimitin R".
=(R", p,) isacomplete metric space. Q.E.D.



