
5.8.2 Which of the following subsets of  are vector spaces? )(RC
 
5.8.2.a  , the bounded continuous functions on R. )(RbC
Answer to exercise 5.8.2.a: 
 Take two such functions  and f g  and a scalar .R∈α  
 Since f  is bounded, .)(0 11 R∈∀<∋>∃ xMxfM  

 Since g  is bounded, .)(0 22 R∈∀<∋>∃ xMxgM  

Therefore, 321)()()()( MMMxgaxfxgxf ≡+≤+≤+ αα  by proposition 
1.1.2.b and 1.1.2.c.  Therefore, gf α+  is bounded. 
By theorem 3.1.1.a and 3.1.1.b, gf α+  is continuous on  .R
Therefore, ).()( RbCgf ∈+α   Thus,  is a subspace of  and is thus a 
vector space. 
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5.8.2.b   the continuous functions that go to zero at ),(0 RC .∞±  
Answer to exercise 5.8.2.b: 
 Take two such functions  and f g  and a scalar .R∈α  
 We know that  and 0)(lim =
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 Therefore, by theorems 2.2.3 and 2.2.4, we have that: 
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 Therefore, ).()( 0 RCgf ∈+α  
 
5.8.2.c  The continuous functions that go to 1 at .∞±  
Answer to exercise 5.8.2.c: 

 Consider the function .11)(
x
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 Therefore, {∉fα Continuous functions that go to 1 at }∞±  
 Hence, this is not a vector space. 
 
5.8.2.d   the continuously differentiable functions on R. ),()1( RC
Answer to exercise 5.8.2.d: 

By theorem 4.1.2, if we suppose that andf g  are differentiable on R, then for any 
constant α , gf α+  is differentiable on R and '')'( gfgf αα +=+  
Since  we have that  is continuous on R. ),()1( RCf ∈ 'f
Since  we have that ),()1( RCg ∈ 'gα  is continuous on R by theorem 3.1.1.b 



Therefore, by theorem 3.1.1.a, we have that '' gf α+  is continuous on R.  
Therefore,  i.e.  is a subspace of  and is thus a 
vector space. 

).()( )1( RCgf ∈+α )()1( RC )(RC

 
5.8.2.e  The continuous functions on R that vanish at .5=x  
Answer to exercise 5.8.2.e: 
 Take two such functions and f g  and a scalar .R∈α  
 By definition of addition of functions, we have:  )5()5()5)(( gfgf αα +=+  
 .000 =+= α  

Therefore, )( gf α+  is in this set.  i.e. this set is a subspace of  and is thus a 
vector space. 
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5.8.2.f  The continuous functions on R that satisfy 

2

)( xcexf ≤  for some  which 
can depend on f. 

R∈c

Answer to exercise 5.8.2.f: 
 Take two such functions  and f g  and a scalar .R∈α  

 Then we have that 
2

)( x
f ecxf ≤  and 

2

)( x
g ecxg ≤  

 Then 
222

)()()()()( x
gf

x
g

x
f eccececxgxfxgxf αααα +=+≤+≤+  

 Let .gfgf ccc αα +=+   Then, .)()(
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gf ecxgxf αα +≤+  
Therefore, )( gf α+  is in this set.  i.e. this set is a subspace of  and is thus a 
vector space. 
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