5.8.13 Let A, be the set of nxn matrices A={a;}. Define

|Al= Sl;p‘aij ‘

5.8.13.a Explain why A, is a vector space.

Answer to exercise 5.8.13.a:
V is a vector space if the nine properties on page 211 hold.
1. Take A A" A"e A=A+ A=[a; +a,']e A,

A+ A=[a; +3;']=[a;'+a;]= A+A

(A+A)+A"= [(aij +a;; Y+ a; "1= [aij + (aij +a;; "] =A+(A+A")
0=1[0]

A:[aij]:a_ A= [_aij] >A+(-A) :[aij _aij] =[0]=0

Take o, f e R arbitrary. aA=[aa;]e A,

(a+P)A=[(a+ p)a;]=[ca; + fa;]= oA+ aB

a(pp) = [e(fa;)] = [(aB)a;] = (af) A

a(A+A) =[a(a; +3;")] =[ca; +aa;'] = aA+aA
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Therefore, A, is a vector space.

5.8.13.b Prove that || : || is a norm.

Proof of exercise 5.8.13.b:
Let A=0= |A|=sup|0|=0
i

Suppose A=0=3i* j*3a.,. 20> >0

=|A| = Sldp‘aij‘ > >0

ai*j*

a.i*j*

Take o € R.= oA = smiij‘aaij‘ = |a|sm5p‘aij‘ =|a|A|
Let A, Ac A .

|A+ A= sgp‘aij +a;'

Vi, j, we have that ‘aij +Q;; ‘ < ‘aij‘+‘aij ‘

We also know that ‘aij‘ < Slip‘aij‘ and ‘aij ‘ < smiij‘aij ‘
:>‘aij +3; ‘ < Sli,}p‘aij ‘ + SLi:p‘aij ‘

Since this holds Vi, j, we have that

|A+ Al = S‘ip‘aij + ‘ < S‘ﬂp‘aij ‘ + Sliij‘aij ‘ =[Al+|A]

Therefore, | - || isanorm. Q.E.D.



5.8.13.c Prove that A is complete in the norm | - ||

Proof of exercise 5.8.13.c:
Let {A™ | A, be a Cauchy sequence of matrices.

Then Ve >03N(g)e N>Vm,n>N, HA(”‘) - A< ¢
We also know that HA(”" —AM| = SUp‘aq m _ aijm) <
i
i . (m) (n (m) (n)
Vi, j, we have: ‘aij - g ‘Ssgp‘aij —a; " |<e.

Therefore, {aij‘”)} is a Cauchy sequence of real numbers.
=a," - a; € R by the axiom of completeness.

Since this holds Vi, j, let A=[a;]. Take n> N,
Then HA(”’ - AH = sqp‘au(“’ - aij‘ < ¢&. Therefore, {A(”’} is an arbitrary Cauchy
ij

sequence of elements of A, which converges to a matrix Ae A,.
= A, is complete in the norm || - |. Q.E.D.

5.8.13.d Let B be a fixed element of A, and define T(A) = BA where BA denotes
matrix multiplication. Show that T is a linear transformation on A, .

Proof of exercise 5.8.13.d:
Consider A,/ A'e A,, « €R.

T(A+aA) = B(A+aA') = BA+aBA'=T(A) +aT (A).
Therefore, T is a linear transformationon A,. Q.E.D.



