
5.8.13 Let  be the set of  matrices nA nn× }.{ ijaA =   Define 

  .sup ij
ij

aA ≡  

 
5.8.13.a  Explain why  is a vector space. nA
Answer to exercise 5.8.13.a: 
 V is a vector space if the nine properties on page 211 hold. 
 1.  Take ⇒nAAAA ∈'',', nijij AaaAA ∈+=+ ]'['  
 2.  AAaaaaAA ijijijij +=+=+=+ ']'[]'['  
 3.  )'''()]'''([]'')'[('')'( AAAaaaaaaAAA ijijijijijij ++=++=++=++  
 4.   ]0[0 =
 5.  ][ ijaA = ⇒ 0]0[][)(][ ==−=−+∋−=−∃ ijijij aaAAaA  
 6.  Take R∈βα ,  arbitrary.  nij AaA ∈= ][αα  
 7.  BAaaaA ijijij ααβαβαβα +=+=+=+ ][])[()(  
 8.  AaaA ijij )(])[()]([)( αβαββαβα ===  
 9.  ']'[)]'([)'( AAaaaaAA ijijijij αααααα +=+=+=+  
 Therefore,  is a vector space. nA
 
5.8.13.b  Prove that ⋅  is a norm. 
Proof of exercise 5.8.13.b: 
 Let 0=A ⇒ 00sup ==

ij
A  

 Suppose 0≠A ⇒ 0**, ** ≠∋∃ jiaji ⇒ 0** >jia  

 ⇒ 0sup ** >≥= jiij
ij

aaA  

 Take .R∈α ⇒ AaaA ij
ij

ij
ij

αααα === supsup  

 Let  .', nAAA ∈

 'sup' ijij
ij

aaAA +=+  

 ,  we have that , ji∀ '' ijijijij aaaa +≤+  

 We also know that ij
ij

ij aa sup≤  and 'sup' ij
ij

ij aa ≤  

 ⇒ 'supsup' ij
ij

ij
ij

ijij aaaa +≤+  

Since this holds  we have that ,, ji∀
''supsup'sup' AAaaaaAA ij

ij
ij

ij
ijij

ij
+=+≤+=+  

Therefore, ⋅  is a norm.  Q.E.D. 
  



 
5.8.13.c  Prove that  is complete in the norm nA .⋅  
Proof of exercise 5.8.13.c: 
 Let { } n

n AA ⊂)(  be a Cauchy sequence of matrices. 

 Then ,,)(0 NnmN ≥∀∋∈∃>∀ Nεε .)()( ε<− nm AA  

 We also know that .sup )()()()( ε<−=− n
ij

m
ij

ij

nm aaAA  

 ,  we have:  , ji∀ .sup )()()()( ε<−≤− n
ij

m
ij

ij

n
ij

m
ij aaaa  

 Therefore, { })(  is a Cauchy sequence of real numbers. n
ija

 ⇒  by the axiom of completeness. R∈→ ij
n

ij aa )(

 Since this holds  let ,, ji∀ ][ ijaA = .  Take  ,Nn ≥

Then .sup )()( ε<−=− ij
n

ij
ij

n aaAA   Therefore, { })(nA  is an arbitrary Cauchy 

sequence of elements of  which converges to a matrix nA .nAA∈    
 ⇒  is complete in the norm nA .⋅   Q.E.D. 
 
5.8.13.d  Let B be a fixed element of  and define nA BAAT =)(  where BA  denotes 
matrix multiplication.  Show that T is a linear transformation on  .nA
Proof of exercise 5.8.13.d: 
 Consider  nAAA ∈', , .R∈α  
 ).'()(')'()'( ATATBABAAABAAT αααα +=+=+=+  
 Therefore, T  is a linear transformation on   Q.E.D. .nA


