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5.8.11.a  Explain why  is a normed linear space with the norm 0c .
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Answer to exercise 5.8.11.a: 
Take an element  of    as }{ ja .0c 0→ja .∞→j   In particular,   is a 
convergent sequence.  Therefore, by proposition 2.2.1,  is a bounded 
sequence.  Therefore, 
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Since  is a normed linear space with the norm ∞l ,
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⋅  it suffices to show that  
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Consider two elements  of  and a scalar }{},{ jj ba 0c .R∈α  
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baba  by theorems 2.2.3 and 2.2.4. 

Therefore, { } 0cba jj ∈+α  and  is a subspace.  Therefore,  is a normed linear 

space with the same norm as the space of which it is a subspace - 
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5.8.11.b  Prove that  is complete.  Hint:  since  we know that any Cauchy 
sequence has a limit in  

0c ,0 ∞⊆ lc
.∞l

 Denote }{ jxx ≡ .  Consider a Cauchy sequence of elements { })(na  of  .0c
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sequence { })(n
ja  is a Cauchy sequence of real numbers.  Therefore, by the axiom 
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Since this holds  we can let ,j∀ }{ jaa =  
Then, we have that, given any ,0>ε ,)( NnN ≥∀∋∈∃ Nε  
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We know that for each n,  as 0)( →n
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In addition, from earlier, we have that  for each j.  That is, j
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Take 0>ε  arbitrary.   and  we have: jNn ≥∀ ,nNj ≥
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0ca ∈  and  is therefore complete.  Q.E.D. 0c
 
5.8.11.c  Show that the set of sequences which are zero after finitely many terms is dense 
in  .0c
Answer to exercise 5.8.11.c: 
 Take an arbitrary element .0ca ∈   ,...},,{ 321 aaaa =  
 Consider the sequence of sequences { })(nh  where: 
 ,...}0,0,{ 1
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 Since 0→ja as ,∞→j  we have:  ,)(0 NjN ≥∀∋∈∃>∀ Nεε .ε<ja  
 Take 0>ε  arbitrary.  Then, ,Nn ≥∀  the following holds: 
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finitely many terms is dense in   Q.E.D. .0c
 
 
5.8.11.d  Show that  is not dense in  0c .∞l

Answer to exercise 5.8.11.d: 
Consider the sequence }1{}{ =na   ∞∈ lan , since nan ∀≤ 1 .  Take any sequence 
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i.e.  does not converge to   i.e.  Not every element of  can be constructed 
by a sequence of elements of  

c }.{ na ∞l
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