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Problem Set 5

5.7.11 Let (M;,p;),i =1 ..., N, be afinite collection of complete metric spaces. Let
M be the product of the spaces M,; thatis, M consists of the N-tuples
(X}, X5,..., Xy ) With x; € M, for each i. For two such N-tuples, X = (X;,X,,...,Xy)
and y=(Y,,Y,...,Yy), define

p(X,y) = Zpi %+ ¥i)

Prove that (M, p) is a complete metric space.

Proof of exercise 5.7.11
Let {xX™} =M be a Cauchy sequence. Thatis, Ve >03IN(g)e N>Vmn=>N,

N
we have p(x™,x") <. Thus, vmn=N 3 p,(x™,x") <e.
i=1

N
For each j e{l,..,N}, we have p, (x;",x,) <> p,(x ™, x") <.
i=1

That is, for each j, the sequence {x;"} is a Cauchy sequence. Since {x,"’} is a
Cauchy sequence of M ;, a complete metric space, it converges to a point

H 1 1 (I’]) ((/‘I
X; e M. Thatis, V&'>03N,()eN>Vn=N;, p;(X, ’Xi)<ﬁ'
Let X = (X,...,Xy). Then ¥n>max{N,,..., N} we have:
N N 1
p(x‘”),x)zz,oi(xi(”),xi)<Z%:g'. Thatis, xX™ — xeM as n— .
i=1 i=1

Therefore, (M, p) is a complete metric space. Q.E.D.



