
5.7.5 Which of the following subsets of  are complete metric spaces with the 
metric 

],[ baC

∞ρ ? 
 A metric space ),( ρM is complete if every Cauchy sequence 
converges to an element   Since we know that  is a complete metric space, 
with respect to the 

Mxn ⊂}{  
.Mx∈ ],[ baC

∞ρ  metric (by Theorem 5.3.3), we know that every Cauchy sequence 
 converges to a function ],[}{ baCfn ⊂ ].,[ baCf ∈  

 Consider a subset   F is complete (with respect to].,[ baCF ⊂ ∞ρ  if every Cauchy 
sequence  converges to a function Ffn ⊂}{ .Ff ∈   Since , we know that 
every Cauchy sequence of points converges to a function 

].,[ baCF ⊂
Ffn ⊂}{ ].,[ baCf ∈   If we 

can show that , then it follows that F is a complete metric space.  If F is a closed 
set, then it contains all its limit points.  (i.e. 

.Ff ∈
.Ff ∈ ).  Thus, it suffices to determine 

whether or not each set is closed. 
 In this problem, I will be rather loose with the definitions of uniform convergence 
and convergence in the ∞ρ  metric, since by proposition 5.3.2, the two are equivalent. 
 
5.7.5.a  for=F 0)(|],[{ >∈ xfbaCf ]},[ bax∈  

 Consider the sequence ],[1)( bax
n

xfn ∈∀= .  .],[01)( nbax
n

xfn ∀∈∀>=   

Therefore, .  This sequence clearly converges uniformly to the zero 

function .  Choose 

nFfn ∀∈

],[ ba
ε
1

=N  to see this. 

By proposition 5.3.2, since  uniformly on  we have that 0→nf ],,[ ba
0)0,( →∞ nfρ as   (And hence  is a Cauchy sequence)  But    .∞→n }{ nf .0 F∉

 
Therefore, we have a Cauchy sequence of functions in F which converges to a 
function not in F.  i.e. F is not a closed set 
 
⇒ ( ∞ )ρ,F  is not a complete metric space. 

 
5.7.5.b  =F }0)(|],[{ =∈ afbaCf
 Consider a sequence of functions .  It must be the case that 

  Suppose 
Ffn ⊂}{

,n∀ .0)( =afn Fffn ∉→  uniformly on  as .  Then 
 

],[ ba ∞→n
.0)( ≠af

 
 But .0)()(0)()( nafafafafn ∀>=−=−   Thus, )()(sup

],[
xfxfn

bax
−

∈
 

 0)( >≥ af  ,  which contradicts uniformly on   Therefore, it 
must be the case that, if  uniformly on  (i.e.  is Cauchy with 
respect to 

n∀ ff n → ].,[ ba
ffn → ],[ ba }{ nf

∞ρ ), then 0)( =af ⇒ .Ff ∈   Therefore, F is a closed set. 
 



 ⇒ ( ∞ )ρ,F  is a complete metric space. 
 
5.7.5.c  for=F 0)(|],[{ =∈ xfbaCf }bdxca <≤≤<  

Consider a sequence of functions .  It must be the case that for all 
, .  Suppose 

Ffn ⊂}{
],[ dce∈ ,n∀ 0)( =efn Fffn ∉→  uniformly on  as ],[ ba .∞→n   

Then  .0)(],[ ≠∋∈∃ efdce
 
 But .0)()(0)()( nefefefefn ∀>=−=−   Thus, )()(sup

],[
xfxfn

bax
−

∈
 

 0)( >≥ ef  ,  which contradicts uniformly on   Therefore, it 
must be the case that, if  uniformly on  (i.e.  is Cauchy with 
respect to 

n∀ ff n → ].,[ ba
ffn → ],[ ba }{ nf

∞ρ ), then 0)( =ef ],[ dce∈∀ ⇒ .Ff ∈   Therefore, F is a closed set. 
 
 ⇒ ( ∞ )ρ,F  is a complete metric space. 
 
 
5.7.5.d =F 2)(2)(|],[{ xfxfbaCf +≤∈  for ]},[ bax∈  
 Let  be a sequence of functions.  Suppose .  ( is thus a 

Cauchy sequence)  We want to show that 
Ffn ⊂}{ ff n → }{ nf

.Ff ∈  
Let n  be arbitrary.  Take .Ffn ∈   2)(2)( xfxf nn +≤ 2)()( 2 −≥−⇒ xfxf nn  

 Define )()()( 2 xfxfxg nnn −= .  Since  is continuous on , nf ],[ ba nf  is 

continuous on , and thus ],[ ba )()( 2 xfxf nn −  is continuous on  by theorem 
3.1.1.  Therefore  is continuous on . 

],[ ba
)(xgn ],[ ba

 ⇒ ( ) .)()()()(lim)(lim)( 22 xfxfxfxfxgxg nnnnn
−=−==

∞→∞→
 

 If we can show that ,2)( −≥xg  we are done. 
 Take  arbitrary.  We have ],[ bax∈ .2)( −≥xgn   Since  by 

exercise 2.1.6, we have that 
),()( xgxgn →

.2)( −≥xg   But since x was arbitrary, we have that 
 .   Therefore ],,[ bax∈∀ 2)( −≥xg Ff ∈ ⇒  is a closed set.  Thus, every 

Cauchy sequence of functions in F converges to a function in F. 
F

 
 ⇒( ∞ )ρ,F  is a complete metric space. 
  


