5.7.4 Which of the following subsets of R? are complete metric spaces with the
Euclidean metric?

A metric space (M, p) is complete if every Cauchy sequence {x,} = M
converges to a point x e M. Since we know that R? is a complete metric space (by the
axiom of completeness), we know that every Cauchy sequence {(X.,, Y, )} < R?
converges to a point (X, y) € R

Consider a subset A R?. A is complete (with respect to p) if every Cauchy
sequence {(X,,, Y, )} A converges to a point (x,y) € A. Since Ac R?., we know that

every Cauchy sequence of points {(x.,y, )} < A converges to a point (x,y) e R*. If we
can show that (x,y) € A., then it follows that A is a complete metric space. IfAisa
closed set, then it contains all its limit points. (i.e. (X,y) € A.). Thus, it suffices to
determine whether or not each set is closed.

5.74a A={(x,y)eR?*|x*+y* <1}
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Consider the sequence a, = (0,1—£j. vn, we have: 0 +(1—£j =1_E+i2
n n n n
2 1 1 . : .
<l-—+— =1-—<1. ie. a, € A. Asproven in the first lecture, a sequence of
n n n

points in R? converges if and only if each element converges. Thus, since 0 — 0

as n — oo and 1—1—> 1as n — oo, we have that a, — (0,1). But
n

0°+1°=1>1=(01) ¢ A

Therefore, we have a Cauchy sequence of points in A which converges to a point
notin A. i.e. Ais not a closed set.

Therefore, (A, p,) is not a complete metric space.

574b A={(x,y)eR?*|x>1andy < -2}
Consider the sets B={(x,y) e R*|x>1}and C ={(x,y) e R*| y<-2}.
A=B(C. Iwill prove that both B and C are closed sets. The finite
intersection of two closed sets is closed (see any introductory toplogy textbook).

Consider the set R?\ B ={(x,y) e R’ | x <1}. Take any point d e R* \ B.
d =(x,y) where x<1. Theopenball B  (d) c R*\B. Thatis, for every
1-=
2

d € R?\ B, we can construct an open ball around it which is completely
contained within the set. i.e. R?\ B is an open set. Therefore, B is a closed set.



Consider the set R*\C ={(x,y) e R? |y > —2}. Take any point d e R*\C.
d =(x,y) where y >-2. The open ball B, 1(d) c R?\C. Thatis, for every
E+

d € R?\C, we can construct an open ball around it which is completely

contained within the set. i.e. R\ C is an open set. Therefore, C is a closed set.
Since B and C are closed sets, we have that B(\C is a closed set. Therefore, A

is a closed set.

= (A, p,) isacomplete metric space.

5.7.4c A={(x,y) e R*|ye N}
Let {p,} = A Suppose p, > p as n > . ({p,} isthus Cauchy). As proven
inclass, if p, =(x,,Y,) = (X,y) = p, it must be the case that x, — x and
y, = V. Since y, > y,Ve>03N()eN>Vn=N,|y, —y|<e& Supposewe
have that £ <1. Then it must be the case that Yn> N(g), y, =k e N
=Yy, >kasn—->o

Therefore, we have that p, = (X,,Y,) = (x,k) = p for some k € N. Thus,
peA. ie. Aisaclosed set.
Therefore, (A, p,) is a complete metric space.

5.7.4.d A={(x,y) e R*| f(x,y) =0} where f is continuous on R?.

Lemma 5.7.4.d.a:
Ifa,=0Vvn and a, »> b, then b =0.

Proof of lemma 5.7.4.d.a:
In order to get a contradiction, suppose b = 0. Then |b| > 0.

Since a, — b, we have that Ve >03N(¢)eN>Vn> N, |a, —b/<e.
_H L] _ g <M
Choose & = > Then vn> N 5 | we have |b|-[a,| <|a, —b| < >
bl |b
=1 —g = g <la,| i.e. a, =0 forsome n,which is a contradiction. —«
Therefore, b=0. Q.E.D.
Answer to exercise 5.7.4.d:
Take {p,}c A>p, > p asn—-wx
Since p, — p andsince f is continuous on R?, it follows that f(p,) — f(p).
Since vn, p, € A, f(p,)=0. Thus, by lemma 5.7.4.d.a, we have that f(p)=0.
In other words, p € A. Therefore, A isa closed set.

= (A, p,) isacomplete metric space.



