5.6.9 Let (M, p)be ametric space. A point d e M is called a limit point of a
sequence {x,} if for every ¢ >0 there isannsothat p(d,x,) <¢&. Prove that

d is a limit point of {x,} if and only if {x,} has a subsequence which converges
to d.

Proof of exercise 5.6.9 (=):
Let {x,} = M be a sequence of points. Suppose d is a limit point of {x,}.

Then, Ve >03neN> p(d,x,) <e.
Construct a sequence {x, } as follows:
Let ¢=1. Then 3n, eN> p(d, x,) <1

Let g:%. Then 3n,eN ap(d,an)S%.

Let g:%. Then 3 n, eN 9P(d,xnk)3%-

Consider this sequence {x, }. V&>0, let K zi. Then, Vk > K, we have:
&

p(d,x, )<e. ie. Jasubsequence {x, } of {x,} which convergesto d. Q.E.D.

Proof of exercise 5.6.9 («<=):
Take the sequence {x,} = M . Suppose 3a subsequence {x, }of {x,} which
convergestod. Thatis, Ve>03KeN>Vk=K, p(d,x, ) <e.
In particular, Ve >03n, eN> p(d,x, ) <& where x, e{x,}. i.e. d isalimit
point of the sequence {x,}. Q.E.D.



