5.6.8 Suppose that x, — x and y, — y in metric space (M, p). Prove that
lim p(x,,¥,) = P(X,¥).

Lemma 5.6.8.a:
1P(Xy, ¥a) = P, Y)| < (%0, X) + p(Y,, Y)

Proof of lemma 5.6.8.a:
(X, Y,) < p(X,, X)+ p(X, y)+ p(y,,y) by properties (b)and(c) of metrics.
= p(X, ¥n) = p(X, ) < p(X,, X) + (Y, Y)
p(X,y) < p(x,,X)+ po(X,,y,)+ p(y,,y) by properties (b)and(c) of metrics.
= p(X,¥) = p(X1, ¥a) < p(X0. X) + p(Y,, Y)
Thus, [p(x,. ¥2) - p(x,¥) = {p(xn V) =Y IE p(x,, ) = p(x ) 2 0

P Y) = p(X,, ) if p(x,,y,)—p(X,y) <0

of which are < p(x,,x)+ p(y,,y). Q.E.D.

Proof of exercise 5.6.8:

both

Since x, > x, Ve>03IN,(¢)eN>Vn2 Nl,p(xn,x)<§.

Since y, >y, Ve>03N,(s)eN>Vnz Nz,p(yn,y)<%.

Choose ¢ >0 arbitrary. Then, ¥n> max{N,,N,}, we have:

1p(X0, Ya) = P4 Y)] < 2(X0, ) + (Y0, Y) <§+% = ¢ where lemma 5.6.8.a was
used in the first step. Thus, !mp(xn, y,)=p(Xy). QE.D.



