5.6.6 Provethat p(x,y)= !

is a metric on (0, ).

A metric satisfies the following three properties:

(@) Vx,ye M, p(x,y) >0 and p(x,y) =0 ifand only if x =y.
(b) p(x.y) = p(y,x)

(©) Vx,y,ze M, p(x,y) < p(x,2) + p(y,2).

Proof of exercise 5.6.6

(a)Takex,ye(O,oo)ax=y:>p(x,y)=l—l‘:l—l:|0|:0
Xyl X X
Take X,y € (0,0) > X # y= p(X,y) = 1.1 — 1Y =X'5 0 since the numerator is
Xy Xy
clearly not zero and since y—Xx € R and by the properties of | . |
Xy
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(b) p(x,y)=‘———‘=‘—[——— =|—u‘———=‘———=p(y,x)
X Yy y X y X/ |y X
(c) Take x,y,z € (0,)
p(Xy) = 3—1‘ = l—1+£—i < 1.1 + E—i‘ (Triangle inequality of R)
Xyl Ix z z yl |[x z| |z vy
1 1 |11 1
=———+———‘=p<x,y)+p(y,z). QED.
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