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5.6.5 Suppose that 1ρ  and 2ρ  are metrics on M.  Prove that the following are also 

metrics: 
 A metric satisfies the following three properties: 
 )(a ,, Myx ∈∀ 0),( ≥yxρ  and 0),( =yxρ  if and only if .yx =  
 )(b ),(),( xyyx ρρ =  
 )(c ,,, Mzyx ∈∀ ).,(),(),( zyzxyx ρρρ +≤  
 
5.6.5.a 21 ρρρ +≡  
Proof of exercise 5.6.5.a: 
 Since 1ρ  and 2ρ  are metrics, they satisfy the three properties listed above. 
  Take )(a ., yxMyx ≠∋∈ 0),(1 >yxρ  and 0),(2 >yxρ . 
 ⇒ 0),(),(),( 21 >+= yxyxyx ρρρ  
 Take .yx =   0),(1 =yxρ  and 0),(2 =yxρ  
 ⇒ 000),(),(),( 21 =+=+= yxyxyx ρρρ  
 )(b ),(),(),(),(),(),( 2121 xyxyxyyxyxyx ρρρρρρ =+=+=

)
 

  Take  (c Mzyx ∈,, .
),(),(),( 111 zyzxyx ρρρ +≤ ; ),(),(),( 222 zyzxyx ρρρ +≤  

 ⇒ ),(),(),(),(),(),(),( 221121 zyzxzyzxyxyxyx ρρρρρρρ +++≤+=  
 ),(),(),(),( 2121 zyzyzxzx ρρρρ +++= ),(),( zyzx ρρ += .  Q.E.D. 
 
5.6.5.b },max{' 21 ρρρ ≡  
 Since 1ρ  and 2ρ  are metrics, they satisfy the three properties listed above. 
   Take )(a ., yxMyx ≠∋∈ 0),(1 >yxρ  and 0),(2 >yxρ . 
 ⇒ 0)},(),,(max{),( 21 >= yxyxyx ρρρ  
 Take .yx =   0),(1 =yxρ  and 0),(2 =yxρ  
 ⇒ .0}0,0max{)},(),,(max{),( 21 === yxyxyx ρρρ  
 )(b ),()},(),,(max{)},(),,(max{),( 2121 xyxyxyyxyxyx ρρρρρρ ===

)
 

  Take  (c .,, Mzyx ∈
 ),(),(),( 111 zyzxyx ρρρ +≤ ; ),(),(),( 222 zyzxyx ρρρ +≤  
 ⇒ )},(),(),,(),(max{)},(),,(max{),( 221121 zyzxzyzxyxyxyx ρρρρρρρ ++≤=  
 )},(),,(max{)},(),,(max{ 2121 zyzyzxzx ρρρρ +≤ = ).,(),( zyzx ρρ +   Q.E.D. 


