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5.6.5 Suppose that p, and p, are metrics on M. Prove that the following are also
metrics:
A metric satisfies the following three properties:
(@) Vx,ye M, p(x,y) >0 and p(x,y) =0 ifand only if x =y.
(b) p(x,y) = p(y,x)
(©) ¥x,y,zeM, p(x,y) < p(x,2) + p(y, 2).

56.5a p=p +p,

Proof of exercise 5.6.5.a:
Since p, and p, are metrics, they satisfy the three properties listed above.
(a) Take x,ye M >x=Yy. p(X,y)>0 and p,(x,y)>0.
=pXY)=p(XY)+p,(X,y) >0
Take x=y. p,(x,y)=0 and p,(x,y)=0
=p(XY)=p(XY)+p,(X,y)=0+0=0
(b) p(X,¥) = o (%, ¥) + o, (X% ¥) = Py (Y, X) + 0, (Y, X) = (Y, X)
(c) Take x,y,ze M .
P (% Y) < (X, 2)+ o (Y, 2); (X Y) < P, (X, 2) + p, (Y, 2)
=p(XY)=p.(XY)+ 0, (XY) < p,(X,2) + o (Y, 2) + P, (X, 2) + p, (Y, 2)
=p (X, 2) + p, (X, 2) + o, (Y, 2) + p, (Y, 2) = p(X,2) + p(y,2) . Q.E.D.

5.6.5.b p'=max{p,, p,}
Since p, and p, are metrics, they satisfy the three properties listed above.
(a) Take x,yeMax=Yy. p,(x,y)>0 and p,(x,y)>0.
= p(x,y) = max{p, (%, y), p, (X, y)} > 0
Take x=y. p,(x,y)=0 and p,(x,y)=0
= p(x,y) = max{p, (X, ). o, (x, y)} = max{0,0} = 0.
(b) p(x,y) = max{p, (x, y), p, (X, ¥)} = max{p, (v, X). 0, (¥, X)} = p(y. %)
(c) Take x,y,ze M.
pr(%Y) < pi(X2) + pi (Y, 2); P2 (% Y) < (X, 2) + p, (Y, 2)
= p(x,y) = max{p, (X, ). o, (x, )} < max{p, (%, 2) + p, (. 2), p, (x.2) + p, (¥, 2)}
< max{p, (x,2), p, (x, 2)}+ max{p, (y.2), p, (v, 2)}= p(x.2) + p(y,2). QED.



