
5.6.12 Prove that the metrics ,, max1 ρρ and 2ρ  defined in Example 3 are uniformly 
equivalent. 
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Lemma 5.6.12: 
 Uniform equivalence is an equivalence relation. 
Proof of lemma 5.6.12: 

Take 221 ,, ρρρ  metrics on  .M
i)  1ρ  is uniformly equivalent to 1ρ : 
Let ⇒121 == cc ),(1),(),(1 111 yxyxyx ρρρ ≤≤ ⇔ ),(),( 11 yxyx ρρ = , which is 
always true. 
ii)  If 1ρ  is uniformly equivalent to ,2ρ  then 2ρ  is uniformly equivalent to :2ρ  

1ρ  uniformly equivalent to 2ρ ⇒ ),(),(),(0, 1221121 yxcyxyxccc ρρρ ≤≤∋>∃  
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⇒ ),(),(),( 24123 yxcyxyxc ρρρ ≤≤ Myx ∈∀ , .  i.e  2ρ  is uniformly equivalent 
to .1ρ  
iii)  If 1ρ  is uniformly equivalent to 2ρ  and 2ρ  is uniformly equivalent to ,3ρ  
then 1ρ  is uniformly equivalent to .3ρ  

1ρ  uniformly equivalent to 2ρ ⇒ ),(),(),(0, 1221121 yxcyxyxccc ρρρ ≤≤∋>∃  
., Myx ∈∀  

2ρ  uniformly equivalent to 3ρ ⇒ ),(),(),(0, 2432343 yxcyxyxccc ρρρ ≤≤∋>∃  
., Myx ∈∀  

Take 315 ccc = ⇒ ),(),(),(),( 32313115 yxyxcyxccyxc ρρρρ ≤≤= ., Myx ∈∀  
Take 426 ccc = ⇒ ),(),(),(),( 32414216 yxyxcyxccyxc ρρρρ ≥≥= ., Myx ∈∀  
⇒ ),(),(),( 16315 yxcyxyxc ρρρ ≤≤ ., Myx ∈∀   That is, 1ρ  is uniformly 
equivalent to .3ρ   Q.E.D. 

 
Proof of exercise 5.6.12:  2ρ  is uniformly equivalent to .1ρ  
 Take Myx ∈ arbitrary.  Then we have: ,
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 ⇒ ).,(),( 12 yxyx ρρ ≤   Thus, we can take .11 =c  
 Next, we have: 
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⇒ ).,(),(2 12 yxyx ρρ ≥   Thus, we can take .22 =c  
⇒ ).,(2),(),( 212 yxyxyx ρρρ ≤≤   Since Myx ∈,  was arbitrary, this holds for 
all yx,  and we have that 2ρ  is uniformly equivalent to .1ρ  

 
Proof of exercise 5.6.12:  maxρ  is uniformly equivalent to 2ρ . 
 Take Myx ∈ arbitrary.  Then we have: ,
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⇒ ),(},max{),( max21212 yxyyxxyx ρρ =−−≥ .  Thus, we can take  .11 =c
Next, we have: 
Without loss of generality, assume .2121 yyxx −≥−   (An identical argument 

holds for the case where .2121 xxyy −≥−  
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⇒ ),(),(2 2max yxyx ρρ ≥ .  Thus, we can take .22 =c  

⇒ ),(2),(),( max2max yxyxyx ρρρ ≤≤ .  Since Myx ∈,  was arbitrary, this holds 
for all yx,  and we have that maxρ  is uniformly equivalent to .2ρ  
 

Proof of exercise 5.6.12: 1ρ  is uniformly equivalent to maxρ . 
 Take Myx ∈ arbitrary.  Then we have: ,
 2121211 ),( xxyyxxyx −≥−+−=ρ  and 

2121211 ),( yyyyxxyx −≥−+−=ρ  

 ⇒ ).,(},max{),( max21211 yxyyxxyx ρρ =−−≥   Thus, we can take  .11 =c

 Without loss of generality, assume .2121 yyxx −≥−   (An identical argument 

holds for the case where .2121 xxyy −≥−  

 ⇒ 2121212121max 2}2,2max{),(2 yyxxxxyyxxyx −+−≥−≥−−=ρ  



 ).,(1 yxρ=   Thus, we can take .22 =c  
 ⇒ ).,(2),(),( max1max yxyxyx ρρρ ≤≤   Since Myx ∈,  was arbitrary, this holds 

for all yx,  and we have that maxρ  is uniformly equivalent to .1ρ  
 
Conclusion of proof: 
 By lemma 5.6.12, uniform equivalence is an equivalence relation.  Thus, we have: 
 1ρ  is uniformly equivalent to 2ρ  
 2ρ  is uniformly equivalent to 1ρ  
 1ρ  is uniformly equivalent to maxρ  
 maxρ  is uniformly equivalent to 1ρ  
 2ρ  is uniformly equivalent to maxρ  

maxρ  is uniformly equivalent to 2ρ .  Q.E.D. 
  


