5.6.12 Prove that the metrics p,, p,....and p, defined in Example 3 are uniformly
equivalent.
Recall: p, ((X;, Y1), (X5, Y,)) = |X1 - X2| +|y1 - y2|

P2 (X, Y1), (X5, Y,)) = \/|X1 - X2|2 +|y1 - y2|2

Prax (X1, Y1), (X5, Y,)) = maX{]Xl - X2|v|y1 - y2|}
Lemma 5.6.12:

Uniform equivalence is an equivalence relation.
Proof of lemma 5.6.12:

Take p,, p,, p, Metricson M.

i) p, isuniformly equivalentto p,:

Let ¢, =c, =1=1p, (X, ) < pi (X, Y) <1pi (X, Y) < pi(X,Y) = pi(X y), Which is
always true.

i) If p, is uniformly equivalentto p,, then p, is uniformly equivalentto p, :

p; uniformly equivalentto p,=3c,,c, >03¢,0,(X,¥) < p, (X, y¥) £ C, 0 (X, Y)
vXx,y € M.

Take c, _1 and c, :Ci.
C2 1

1 c
Then ¢;p,(x,y) =~ p,(x.¥) < C—Zpl(x, y)=pi(Xy) Vx,yeMand

2 2

1 C
C,0, (X, y) = P (X, y)> C—lpl(x, y)=p (X, y) VX, y e M

1 1

=C0,(X, V)< o (X, y) LC,0,(XY) VX, yeM . ie p, isuniformly equivalent
to p,.

i) If p, is uniformly equivalentto p, and p, is uniformly equivalent to p,,
then p, is uniformly equivalent to p,.

p, uniformly equivalentto p,=3c,,c, >03¢,0,(X,¥) < p, (X, y¥) £ C, 0 (X, Y)
vXx,y € M.

p, uniformly equivalentto p,=3c,;,c, >03C,0,(X,¥) < p5(X, ¥) £C 0, (X Y)
vXx,y € M.

Take C5 =C,C;=>Cs 0, (X, Y) =C.C301 (X, Y) SCy0, (X Y) < p3(X,Y) VX, y € M.
Take €5 =C,C, =Cp1 (X, Y) =C,C,01(X,Y) 2 Cu0,(X,¥) 2 p3 (X, y) VX, y € M.
=C.0(%Y) < ps(X, YY) £ceo (X, Y) VX, ye M. Thatis, p, isuniformly
equivalentto p,. Q.E.D.

Proof of exercise 5.6.12: p, is uniformly equivalent to p,.
Take X,y € M arbitrary. Then we have:

(0, (X, y))® :|X1 _X2|2 +|Y1 - 3/2|2 < |X1 - X2|2 +2|X1 _X2||Y1 - yz|+|y1 - Y,

|2



= (= %]+ ]y, = V| = (2. (X, )
= p,(X,¥) < p(X,y). Thus, we can take ¢, =1.
Next, we have:

(V2p,(x ¥))* =2 = %,|" +2y, - ¥,
=[x, —x2|2 + %, —x2|2 +|y, - y2|2 +|y, - ¥,
> %, = X,|* + 2%, = X, ||y, = ya| +|y: — v,|* (by exercise 1.1.8)
= (% = x| +[y, = vl = (o, y))?

:>x/§p2(x, y) > p,(x,y). Thus, we can take c, =42.

=0,(XY) < p(Xy) < \/Epz(x, y). Since x,y € M was arbitrary, this holds for
all x,y and we have that p, is uniformly equivalent to p,.
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Proof of exercise 5.6.12: p,., is uniformly equivalentto p,.
Take X,y e M arbitrary. Then we have:

P2 (X, Y):\/|X1_X2|2 +|y1_y2|2 2\/|X1_X2|2 :|X1_X2| and

Pz(x, Y):\/|X1_X2|2 "'|Y1_y2|2 2\/|y1_y2|2 :|y1_y2|
= p, (%, y) = max{[X, = X,|,|Y; = Y5} = Ppax (X, ¥) . Thus, we can take ¢, =1.

Next, we have:
Without loss of generality, assume |x, —X,|>|y, —y,| (An identical argument

holds for the case where |y, — y,|>[x, — X,|

= (V2 (% ))? = (max{y2[x, .|V 2]y, - v, f

2 2|X1 - X2|2 = |X1 - X2|2 +|X1 - X2|2 2 |X1 - X2|2 +|Y1 - )’2|2 = (Pz (X, Y))Z
=~2p... (X y) > p,(x,y). Thus, we can take ¢, = /2.

= P (X Y) £ 0, (X, y) < \/E,Omax(X, y). Since x,y € M was arbitrary, this holds
for all x,y and we have that p,.. is uniformly equivalent to p,.

Proof of exercise 5.6.12: p, is uniformly equivalentto p,,, .
Take X,y € M arbitrary. Then we have:

P, Y) =X, = X,| +|y; = ¥a| =[x, — X, and

p(%y) = |X1 - X2|+|y1 - y2| 2 |y1 - y2|

= (%, y) = max{{X, = X,|,|Y; = Yo} = P (X, ¥). Thus, we can take ¢, =1.
Without loss of generality, assume |x, —X,|>|y, —y,| (An identical argument
holds for the case where |y, — y,|>[x, — X,|

= 2P (X, ) = Max{2 X, — X, |2 Y; = Vo [} = 2X, = X, | = [X, = X, | + |y, — Vs



= p,(X,y). Thus, we can take c, = 2.

= Prax X Y) < 0 (X,Y) £2p,., (X, Y). Since x,y € M was arbitrary, this holds
forall x,y and we have that p_,, is uniformly equivalentto p,.

Conclusion of proof:

By lemma 5.6.12, uniform equivalence is an equivalence relation. Thus, we have:
p, is uniformly equivalent to p,

P, is uniformly equivalent to p,

p, is uniformly equivalent to p, ..,

Pmax 1S UNIfOrmly equivalent to p;

P, is uniformly equivalent to p, .,

Pmax 1S UNIfOrmly equivalentto p,. Q.E.D.



