5.6.11 Two metrics, p and o, on a set M are said to be uniformly equivalent if there
exist positive constants ¢, and c, such that

c,p(X,y) <o(x,y) <c,p(X,y)
forall xand y in M. Prove that if p and o are uniformly equivalent, then they
are equivalent.
Lemma 5.6.11.a:
If o isuniformly equivalent to o, then o is uniformly equivalent to p.
Proof of lemma 5.6.11.a
p uniformly equivalentto o =3c¢,,c, >0>3c¢,p(X,y) < o(X, y) <C,p(X,Y)
VX, y € M.
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Take c;=— and ¢, =—.
CZ Cl

Then c,o(x,y) = ia(x, y) < C—z,o(x, y)=p(X,y) VX, yeM and
c
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1 c
Co(xy)=—olxy)z C—lp(x, y)=p(Xy) VX,yeM
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= Co(X,Y) < p(X,y)<c,o(X,y) VX,ye M. i.e o isuniformly equivalent to

o. QE.D.

Proof of exercise 5.6.11
Let o and o be metrics on a set M which are uniformly equivalent. That is,

dc,,c, >03¢,o(X,y)<o(X y)<c,p(xy). Inaddition, by lemma5.6.11.a, we
have that ia(x, y) < p(x,y) < ia(x, y).
c C

2 1
Take ¢ > 0 arbitrary and x € M arbitrary.

Let o = min{g cl,i}.
CZ

Suppose p(x,Y) <5< =o(xy) <Cp(xy)<c, - =e
2 2

Suppose o(X,y) <o <ec,= p(X,y) < ia(x, y) < igcl =&.
Cl C1

i.e. p and o are equivalent. Q.E.D.



