5.3.9 LetQ be aclosed, finite, rectangle in the plane, and let C(Q) denote the set of
real-valued continuous functions on Q. For fin C(Q), define

If]. = sup [f(x,y)
(x,y)eQ

5.3.9.a Prove that this norm satisfies the properties (a), (b), and (c) of proposition 5.3.1.
5.3.9.a.a Provethat |f| >0 and |f| =0 ifandonly if f is the zero function on Q.

Proof of exercise 5.3.9.a.a:

If]. = sup |f(x,y). Since |f(x,y)|=0V(x y)eQ,wehave: sup |f(x,y)=>0.
(x,y)eQ (x,y)eQ

Clearly, sup |f(x,y)|=0< f(x,y)=0V(x,y)eQ. Thus, [f| =0ifand only
(x,y)eQ

if f isidentically zero. Q.E.D.

5.3.9.ab Foreverya e R,we have |of | =|of f] .

Proof of exercise 5.3.9.a.b:
lef | = sup |of (x,y)|=|e sup |f(x,y)|=]|a||f| by exercise 2.5.8. Q.E.D.
(x,y)eQ (x,y)eQ

539ac |f+g| <|f| +]g]. .
Proof of exercise 5.3.9.a.c:
V(x,y) €Q, we have | f(x,y)+g(x, y)| <[ (x, y)|+|a(x,y)| In particular, we

have that(su)pQ| f O, y)+a(x y)| <|f oY) +]g(xy)
X,y)e
In addition, V(x,y) €Q, |f(x,y)|< (su)pQ| f oY) a(x, y)| < (su)pQ|g(x, y)|.
X,Y)€! X,Y)€!
Thus, sup |f(x,y)+a(x y)| <|fy)|+]g(xy)[ < sup |[f(x y)|+ sup [g(x,y)|.
(x,y)eQ (x,y)eQ (x,y)eQ
e [f+g], <[f],+]gf.. QED.

5.3.9.b Prove that C(Q) is complete.
Proof of exercise 5.3.9.b:
C(Q) is complete if every Cauchy sequence of elements of C(Q) converges to an

element of C(Q).

Let {f }be a Cauchy sequence of elements of C(Q).

Thatis, Ve >0,IN(¢)>05Vn> N ||f - f | <&

By definition,

V(% y) e Q,|f,(xy) - f,(xy) < (XSlyJ)gQI f 06 y) = f 60| = = fall, -

Thus, Vn> N, |f (x,y) - f, (X y)|<e. Thatis, for any fixed (x, y), the sequence
{f.(x,y)}is a Cauchy sequence of real numbers, which by the completeness of
the real numbers, converges to some real number f(X,Y).



Since the absolute value is a continuous function, it follows that:

106 Y)~ £, ()| = im] (%, ) = £, (% V)] Ths,

[f(x,y)— fo (X, y)|<e Vm=N V(x,y) e Q. Therefore,

|f = f.]. <& vm=NV(x,y)eQ. ie f, convergesto f in the sup norm.

Therefore, f, convergesto f uniformly on Q by proposition 5.3.2 = f is
continuous by theorem 5.2.1. That is, every Cauchy sequence in C(Q) converges
to a function in C(Q). i.e. C(Q) equipped with | - || is complete. Q.E.D.



