5.3.5 Let the functions f_ be defined on[0,1] by

1 OSXSl
2
fn(x)::l—nx—1 1<x£1+E
2) 2 2 n
1
0 —+—-<x<1
n
and define
1 OSXSl
f(x) = . 2
0 —<xx<1
2

5.3.5.a Prove that f, — f pointwise on [0,1]. Hint: draw the graph of f,.

Proof of exercise 5.3.5.a:
The graphs of f_ for ne{3,5, 7,9, 11}are:
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f, — f pointwise on [0,1] if Ve >0, Vxe[01], 3N(g,x)>0>Vn2>N,
|f,(x) - f(X)|<&. Take >0 arbitrary.

VXe[O,ﬂ, f,(x)=1= f(x) vn. Thus, |f (X)— f(x)|=1-1=0<e.

+1. Then ¥n>N, f (x) =0= f(x).

Take XE(E,l arbitrary. Pick N =
2 2x+1

Thus, vn> N, [f (x) - f(x)|=[0-0/=0<e. Therefore, f, — f pointwise on
[01]. Q.E.D.
5.3.5.b Prove that | f — f | =1 foreach n sothat f, does not converge to f in the sup

norm.
Proof of exercise 5.3.5.b:
|f = f.]. =sup|f(x)-f (x)|. Take n arbitrary. Since f, is continuous on
xe[0,1]

[0,1], it is continuous at x=%:> Ve>0,36(e) >03VX€|:%,%+5:|, we



f (- f@]‘ ~|f, () -1 <.

=1-f,() =[-|f, (| <|f,(x) -1 < & by exercise 1.1.10.

have

= f (x)>1-¢. Since Vxe (%1} f(x) =0, it follows that, choosing

X, e{%,%+5},we have: || —f| >|f(x)—f (%)= f,(x)>1-e.

Since Vx €[0], we have|f — f | <1,itfollowsthat1-¢<|f —f | <1.
Since this holds for all &> 0, it must be the case that | f — f | =1.
Since n was arbitrary, this holdsvne N. Q.E.D.

5.3.5.c Explain how you could have predicted the result of part (b) simply by using
Theorem 5.2.1.
Answer to exercise 5.3.5.c:

Since Vvn, f, iscontinuous on [0,1], theorem 5.2.1 would have suggested that,

had f, — f uniformly on [0,1], then f would have been continuous on [0,1].
Since f is not continuous on [0,1], it then follows that f, does not converge to
f uniformly on [0,1]. Thus, by theorem 5.3.2, f_  does not converge to f in the
sup norm.

5.3.5.d Prove that ||f — f, | - 0asn — .
Since Vx [0], f(x) >0, it follows that | (x)| = f (x).

[f =1, = j;| £ () =, (0]dx = jol[f (x) - f, ()b = E f (x)dx — j; £ (x)dx
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Where the fundamental theorem of calculus, part | and theorem 3.3.7 were used

several times.
s, £ 1,], = & -2 = tim 1, - Iim(in—%j=0. QED.
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