5.3.4 For f eC[a,b], define||f |, = I:|f(x)|dx. Show that ||, satisfies the three
properties, (a), (b), and (c), of Proposition 5.3.1.

5.3.4.a ||f|, > 0if fisnot identically 0 on[a,b] and|f| =0 when f =0.

Proof of exercise 5.3.4.a:
Suppose f =0. Then V¥xe[a,b], f(x)=0=Vxe[a,b],|f(x)=0.

Thus, [f[, = [ 0dx = 0.
Suppose f is not identically zero. Since f e C[a,b], it follows that |f| e C[a,b]

by lemma 5.2.5.1. Then 3ce[a,b]>|f(c) =d >0. Pick g:%. Since | f|is
continuous on [a,b], 35(%j>03 Vxelc-5,c+5] |f(x)- f(c)|<%
:—%< f(x)-d <%:%< f(x)<%. That is, |f(x)|>%.

Thus, [f], = [ £ 0ldx [ f (0ldx > %(25) >0. QED.

5.3.4.b For every o € R, we have|of || =|a| | f],-

Proof of exercise 5.3.4.b:
By proposition 1.1.2.b, we have that Vx e [a,b], |of (x)| = e f (X)|

= |of (X)) <|e| f (x)] and |of ()| = || f ()] ¥ [a,b].
By theorem 3.3.4, we have that:

b b b b
[[let Gl < [ e f 0fdx and | Jaf (9] = ["]e] £ (x)]

b b
:>J-a lof (X)|dx = L ||| f ()ldlx
By theorem 3.3.3, we have:
e Gl =[ar|[[] £ (x)itx

Thatis, Jaf |, = [[laf (fdx = [[ ]  (0fdx =[] [} £ (e = | £],. QE.D.

5.3.4.c ||f +g|, <|f], +|g], (the triangle inequality).
Proof of exercise 5.3.4.c:
By proposition 1.1.2.c, we have that Vx e[a,b], |f (x) + g(x)| <|f ()] +|g(x).
Using theorem 3.3.4, we have:
b b
1500 +900] < [ (1 09]+ g ()] )ex

By theorem 3.3.3, we have:

[ 00+ g 0lx = 11 (0ldx + [']g (0]x



Combining these, we have:
[+ g, = [ 00+ < [ (6] +[g 00 ix
= [ (lax+ [ g(0ldx = | ], +[g],. QED.



