5.2.6 Let{f, }be asequence of continuous functions that converges uniformly on [0,1].
Show that there isanM so that|f, (x)| <M VnandVvx e[01].

Proof of exercise 5.2.6:
For each n, f_ iscontinuous on[0,1]. By theorem 3.2.1, M, >0 5 Vx €[0,1],

[, ()| <M,

Since f, ——— f uniformly on[0,1], by theorem 5.2.1, f is continuous on[0,1].
Thus, by theorem 3.2.1, IM*> 05 Vx e[01], |f(X)|<M *.

Since f, ——— f uniformly on[0,1], we have that V& >0,3N(¢) >05Vn >N,
vxe[04], |f,(x) - f(x)|<e. Pick &<1.

ThenVn > N(¢), |fn(x)|—|f(x)| £|fn(x)— f(x)| <e.

= [f,00[ < [f(X)|+& <[f(X)|+1< M *+1.

Define M, =M *+1.

Then, vn=12,.., N, we have: |f (x)| <M Vxe[01].

vn=N+1LN +2,..,we have: |f (X)) <M, Vxe[0]].

Choose M =max{M,M,,...M M.}

vn, [f,(x)|<M vxe[01]. QE.D.
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