
5.2.6 Let be a sequence of continuous functions that converges uniformly on   
Show that there is an

}{ nf ].1,0[
M  so that Mxfn ≤)( n∀ and ].1,0[∈∀x  

Proof of exercise 5.2.6: 
For each  is continuous on   By theorem 3.2.1, ,n nf ].1,0[ 0>∃ nM ],1,0[∈∀∋ x  

.)( nn Mxf ≤  
Since ff nn ⎯⎯ →⎯ ∞→ uniformly on  by theorem 5.2.1, is continuous on],1,0[ f ].1,0[  

Thus, by theorem 3.2.1, ],1,0[0* ∈∀∋>∃ xM  .*)( Mxf ≤  
Since ff nn ⎯⎯ →⎯ ∞→ uniformly on we have that ],1,0[ 0)(,0 >∃>∀ εε N ,Nn ≥∀∋  

],1,0[∈∀x .)()( ε≤− xfxfn   Pick .1<ε  

Then ),(εNn ≥∀  .)()()()( ε≤−≤− xfxfxfxf nn    

⇒ ε+≤ )()( xfxfn .1*1)( +≤+< Mxf  
Define  .1*lim +≡ MM
Then, we have: ,,...,2,1 Nn =∀ nn Mxf ≤)( ].1,0[∈∀x  

,...,2,1 ++=∀ NNn we have: lim)( Mxfn ≤ ].1,0[∈∀x  
Choose  }.,,...,,max{ lim21 MMMMM N=

,n∀ Mxfn ≤)( ].1,0[∈∀x   Q.E.D. 


