5.2.5 Suppose that f is continuous and|f (x)| <1 for all x [a,b]. Prove that

B b
IlmL (f(t))"dt =0.
Lemma 5.2.5.1:
If fis continuous on [a,b], then |f| is continuous on [a,b].

Proof of lemma 5.2.5.1:
Suppose f is continuous on[a,b]. Vx, €[a,b],Ve >0, 35(%,,&)>0>

Vx e[a,b] satisfying, [x —x,| < &, we have | f (x) - f(x,)| < 5. By exercise
1.1.10, Vf(X), F(%,) € R, | £ ()] =] f (o] < | (X) = (%o}

Pick x e [a,b] satisfying |x —X,| < 5. Then we have

|00 =|f (%] <|F () = f(X,)| <& Thatis, |f|is continuous at x,. Sincex,was
arbitrary on [a,b], it follows that | f |is continuous on [a,b].

Lemma 5.2.5.2:
If f is continuous on[a,b] and vx e [a,b],we have | f (x)| <1, then
sup | (x)|=M <1.
xela,b]

Proof of lemma 5.2.5.2:

Let M = sup |f(x)|. Since|f| is continuous (by lemma 5.2.5.1) on a closed
xela,b]

interval, by theorem 3.2.2, 3¢ e[a,b] > |f(c)| =M . Since Vxe[a,b], |f(x)| <1,
it follows that M = |f ()| <1.

Proof of exercise 5.2.5:
By lemma 5.2.5.2, we have that Vx e [a,b], |f (x)| <M <1.

Ine —| Then, Vx e[a,b], Yn> N, we
nM

Define f,(x) = |(f(x))"|. ChooseN :[I

have:

[£,00 =0 =|(f ()"
uniformly to 0 on [a,b].
By theorem 5.2.2, it then follows that:

. b . b b . b
nmja (f(t))"dt = nmja f (t)dt :L lim f_(t)dt = j 0dt = 0.

Ing

=[f(x)['<M"<M"™ =g Thatis, f,converges

Q.E.D.



