5.1.9 Suppose that g is a continuous function on [0,1] and that g(1) =0. Define
f (X)=g(x)x". Prove that f — Ouniformly.

Proof of exercise 5.1.9:
Ve >0, wewantto find N(¢)>0>Vxe[01], Vn>N,

[£,00-0]=|g()x"| =[g (%)
Since g is continuous on [0,1], g is continuous at 1.
Thatis, V& >0,35(¢) >05 Vxe (1-51], [g(x)| <.
Since 0<1-5<x<1, [x<l=|x"<1"=1.

Casel: xe(l-061]:
vneN, |f,(x)-0=|g(x)x"

Case ll: xe[l1-9]
By Theorem 3.2.1, since g is continuous on [0,1-6], gisbounded. That is,

AM >05|g(x)|<M vxe[01-5].

Since 0<x<1-4, [x <[L-&] and thus|x" <[1-4]|".
Thus in order to ensure that:
[£,00-0]=|g()x"| =[g (%)

M[L-6]" <& < InM +nlnfl-5|<Ine < ninfl-8/<Ing-InM . Since

x"[<e.

X" =|g()X" <|g(x)| <e.

=|g(x)|

Xn

Ine—InM

Ine—InM
InfL— 4|

1-65|<1, Inl-5|<0. Thus, n=>
InfL— |

. Choose N :( —| Then,

Ine-InM

vn=N, |f (X)-0 <M[L-5| wre =& Thus, f, — Ouniformly on [0,1].
Q.E.D.

=|g(x|" <M[x" <M[L-5|" <&, we must have:



