4.6.7 Show that the partial derivatives of
Xy (x,y) #(0,0)
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exist at (0,0) but that f is not differentiable there.

Answer to exercise 4.6.7:

Fix x =0 and define g(y) = f(O,y):M—E—O
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Fix y =0 and define h(x) = f(x,0) = _0O __0 =0
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=0 since h(x) is constant(=0) VxeR.
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Thatis, f,(0,0)=0= f (0,0), i.e. both partial derivatives exist.
Butis f(x,y) differentiable? By definition, it suffices to ask if f,(x,y) is
continuous at (0,0).

Suppose we approach (0,0) along the line y =kx, i.e. let x, =%, Y, :%.
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Since (x,,y,) = (0,0) as n —»> oo, f, (x,y) is continuous iff
f.(x,y)— f,(0,0)=0as n— o
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which does not converge to 0.
Thus, f,(x,y) isnot continuous at (0,0) = f (X, y) is not differentiable at (0,0).




