
4.6.5.a Prove that 2R⊂E  closed and bounded ⇒ E compact. 
Proof of exercise 4.6.5.a: 
 Let 2R⊂E  be closed and bounded. 

Since E  is bounded, by exercise 2.6.10, every sequence as a 
subsequence  which converges.  That is, 
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That is,  is a Cauchy sequence.  Since }{
knp E  is closed, .Ep∈  

Therefore, every sequence in E contains a subsequence which converges to a 
point in E.  (i.e.  E is compact).  Q.E.D. 

 
4.6.5.b Show that if E is not closed and bounded, then E is not compact. 
Answer to exercise 4.6.5.b: 
 Suppose E is not closed.  Epn ⊂∃ }{  Cauchy Eppn ∉→∋  as  .∞→n

Since  as , every subsequence  of  also converges to 
  Thus, ∃  a sequence in E which has no subsequences converging to any 

point in E.  (i.e.  E is not compact) 
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Suppose E is not bounded.  npEpn nn >∋∈∃∈∀ N  
Consider the sequence .  Any subsequence  of  satisfies }{ np }{
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jnp  does not converge, but since  was an arbitrary subsequence of , 

it follows that  has no convergent subsequences.  Thus, 
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convergent subsequences ⇒ E is not compact. 

 
4.6.5.c Is  compact? }1|),{( 222 ≤+∈ yxyx R
Answer to exercise 4.6.5.c: 
  is bounded since }1|),{( 222 ≤+∈= yxyxC R ,),( Cyx ∈∀ 2≤− yx  
 C is also closed.  Take a sequence Cyx nn ⊂)},{( ),(),( 00 yxyx nn →∋  
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 Thus,  and C is closed. Cyx ∈),( 00

 ⇒  is compact by exercise 4.6.5.a. C
 
4.6.5.d Is  compact? }1|),{( 222 <+∈ yxyx R
Answer to exercise 4.6.5.d: 
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⇒ C is not compact by exercise 4.6.5.b since it is not closed. 
 
4.6.5.e Is =E }1|),{( 222 ≥+∈ yxyx R  compact? 

No.  E is not bounded since 0>∀M .),( MyxEyx ≥−∋∈∃   Pick  and 
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⇒ C is not compact by exercise 4.6.5.b since it is not bounded. 


