4.6.3 Letf be a continuous, real-valued function on a closed rectangle R in the plane.
Then f is uniformly continuous. Prove this.

Proof of exercise 4.6.3:
Suppose f is not uniformly continuous. Then g, >0 >thereisno & >0

satisfying |p—c| < 5=|f(p) - f(c) < &
Let 5, =2" Kp,}.{c,}>Vn, |p, —c,| <5, =2"and |f(p,)- f(c,)|> &
Since R is a closed rectangle, by exercise 2.6.11 3 a subsequence {p, } which

converges to some de R.
In addition, we have:

Cp, —dH: Co, — Pn + Py, —d”g
<2 +|p, —d|

C,, — Py |+

Py, —d]

We know that

Py, —dH—>0 as k »>o and 2°™ — 0 as k — o. Thus,

Cp, —dH—)O ask—oworc, —>dask—oo
By continuity of f, lim f(p,)= f(lim p, )= f(d) and
Eim f(c,)= f(limcnk)= f(d)

Thatis, Ve >0,3N(g) €N, M(¢) N> |f(p, ) - f(d)\<§ and

[£(d)-f(c,) <§ vn, > max{N,M}.
=[F(p,) - (e, =|f(p,) - F(d)+ f(d)-f(c,)

<[ f(py,) = F(A)|+]F(d) - f(c,)

Choose ¢ = ¢, and we have a contradiction —<«. Therefore, f must be
uniformly continuous on R. Q.E.D.
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