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4.6.2 Letf be a continuous, real-valued function on a closed rectangle R in the plane.
Then, 3c,d eR> f(c)=sup f(p), f(d) = im; f(p). Prove this.
pe

peR
Proof of exercise 4.6.2:
By theorem 4.6.1.a, we know that f is bounded on R. Thus, both sup f (p), and

peR
im; f (p) existand are finite.
pe

Let M =sup f(p). By definition of sup, 3 p, =(x,,Y,) € R satisfying

peR

M 1 < f(p,) <M Vvn. (If there was no such point, then M 21 would be the
n n

sup.)
By exercise 2.6.11, p, =(X,,Y,) hasasubsequence p, =(x, ,Y, ) which

converges to a point ce R.
By continuity of f, it follows that lim f(p,)= f(lim P, )= f(c)

But we also have: M _ni < f(p, ) <M Vk and thus by proposition 2.2.2, since
k

limM —i:M :EimM, Eimf(pnk)zM.

k—o0 nk
By exercise 2.1.5, a sequence can have at most one limit = f(c) =M =sup f(p).
peR

Let N = im; f(p). By definition ifinf, 3 p, =(X,,Y,) € R satisfying
pe

N<f(p,)<N +1 vn. (If there was no such point, N +1 would be the inf)
n n

By exercise 2.6.11, p, =(X,,Y,) hasasubsequence p, =(x, Y, ) which

converges to a point d € R.
By continuity of f, it follows that Eim f(p, )= f(llim pnk) = f(d)

But we also have: N < f(p, )<N +i vk and thus by proposition 2.2.2, since
k nk

IimN:N:IimN+i, limf(pn):N
n —0 k

k—o0 k—o0
k

By exercise 2.1.5, a sequence can have at most one limit = f(d) = N = im; f(p)
pe
Q.E.D.



