2.5.5 Suppose that a is an upper bound for the set S and that there is a sequence of
elements x, € S such that x, — a. Prove that a is the least upper bound.

Proof of exercise 2.5.5:
Let a be an upper bound for S. Suppose 3{x,} =S > x, »> a. Thatis,

Ve>03dN(e)eN>Vn> N,|Xn —a|<g.

= -g<X,—a<e=>a—-&<X,<a+e. Since a is an upper bound of S, x, <a
vn. Therefore, Vn>N(g),a—e<x,<a. ie. x, e(a—¢g,alcla-eg,a].
Therefore, Ve >0, 3xeS>xe[a—g,a]. By exercise 2.5.3, it follows that a is
the least upper bound for S. Q.E.D.



