2.5.3 Suppose that a set S of real numbers is bounded and let x be an upper bound for
S. Show that 4 is the least upper bound of S if and only if for every &£ >0 there is an
elements of S in the interval [x—¢, 1].

Lemma 2.5.3.a:
If xe(a,b), x<h.

Proof of lemma 2.5.3.a: (almost purely by definition)
xe(a,b) e xe{teR|a<t<b} = x<b. Q.E.D.

Lemma 2.5.3.b:
If forsome 6 >0, x+d<y, 30'>03X<y—-0'< X+9.

Proof of lemma 2.5.3.h:

Suppose x+0 <y. Since 6 >0, we know that x < x+g< X+0. Let

5':y—(x+gj>0. Then y—5':x+§. Therefore, x<y—-0'<x+0. Q.E.D.

Proof of exercise 2.5.3:
(=) Let u be the least upper bound of S. In order to get a contradiction,

suppose e >0>Vxe S, x¢[u—e¢,ul.

We know that R = (-0, t — &) U[ e — &, u]U (1,0). Since Vx e S,

X & [u—é&, 1], itmust be that Vx e S, x € (o0, u—&)U (1, 0). But we know that
4 is an upper bound for S. Therefore, Vxe S, x< 4.

= VxeS x¢&(u,). Thuswe have Vxe S, X e (-, u—¢).

Thatis, Vxe S, x<u—e¢, bylemma2.5.3.a = u—¢ isan upper bound of S.
Since ¢ >0, ©—¢& < u, which contradicts x being the least upper bound.

(<) Suppose Ve>0daeS>ae[u—e,u]. Let 4 bean upper bound for S.
Suppose that 3 z'< u which is also an upper bound of S. Since u'< p,

d0eR> u'+0 < by lemma 2.5.2.a. Then by lemma 2.5.3.b

36'>0> y'< u—0'<u+08. Let e=6". By hypothesis, JaeS>aec[u-75",u].
Thatis, a> x4 —9"'> ', which is a contradiction to x' being an upper bound.
—<«— Therefore, # must be the least upper bound. Q.E.D.



