
2.5.3 Suppose that a set S of real numbers is bounded and let µ  be an upper bound for 
S.  Show that µ  is the least upper bound of  if and only if for every S 0>ε  there is an 
elements of S in the interval ].,[ µεµ −  
 
Lemma 2.5.3.a: 
 If  ),,( bax∈ .bx <
Proof of lemma 2.5.3.a:  (almost purely by definition) 
 }|{),( btatxbax <<∈∈⇔∈ R .bx <⇒   Q.E.D. 
Lemma 2.5.3.b: 
 If for some ,0>δ ,yx <+δ .'0' δδδ +<−<∋>∃ xyx  
Proof of lemma 2.5.3.b: 

 Suppose .yx <+δ   Since ,0>δ  we know that .
2

δδ
+<+< xxx   Let 

0
2

' >⎟
⎠
⎞

⎜
⎝
⎛ +−=

δδ xy .  Then 
2

' δδ +=− xy .  Therefore, .' δδ +<−< xyx   Q.E.D. 

Proof of exercise 2.5.3: 
 )   Let (⇒ µ  be the least upper bound of S.  In order to get a contradiction, 

suppose ].,[,0 µεµε −∉∈∀∋>∃ xSx  
 We know that ).,(],[),( ∞−−−∞= µµεµεµ UUR   Since ,Sx∈∀  
 ],,[ µεµ −∉x  it must be that Sx∈∀ , ).,(),( ∞−−∞∈ µεµ Ux   But we know that 

µ  is an upper bound for S.  Therefore, Sx∈∀ , .µ≤x  
 ⇒ Sx∈∀ ).,( ∞∉ µx   Thus we have Sx∈∀ , ).,( εµ −−∞∈x  
 That is, S , x∈∀ ,εµ −<x  by lemma 2.5.3.a   ⇒ εµ −  is an upper bound of S.   
 Since ,0>ε ,µεµ <−  which contradicts µ  being the least upper bound. 
 
 )   Suppose (⇐ ].,[0 µεµε −∈∋∈∃>∀ aSa   Let µ  be an upper bound for S.  

Suppose that µµ <∃ '  which is also an upper bound of S.  Since ,' µµ <  
µδµδ <+∋∈∃ 'R  by lemma 2.5.2.a.  Then by lemma 2.5.3.b 

∋>∃ 0'δ .'' δµδµµ +<−<   Let '.δε =   By hypothesis, ],'[ µδµ −∈∋∈∃ aSa .  
That is, ,'' µδµ >−≥a  which is a contradiction to 'µ  being an upper bound.  

  Therefore, →← µ  must be the least upper bound.  Q.E.D. 


