2.4.7 Suppose that the terms{a,} satisfy |an+1 —an| <2™" forall n. Provethat {a,} isa

Cauchy sequence.
Lemma 2.4.7.a:

Leta, =2". Then, a, >0 asn — .
Proof of lemma 2.4.7 .a:
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. Then, ¥n> N, we have:
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Thus, we can pick N >

‘2‘“ =2in<g. lea, >0asn—>ow Q.ED.
Lemma 2.4.7.b:
Suppose a<1. Then > a* .
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Proof of lemma 2.4.7.b:
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Define s, = > a“ as the partial sum of the sequence {a“}.
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It can be shown that (by an extension of lemma 2.4.7.a) a, =1—a"" converges to

lasn—>o. Thus s, =

Therefore, lims, = Ilmz = Zak :% Q.E.D.
n—oo n—oo k=0
Proof of exercise 2.4.7:
Take m>n. We know that ¥n, |a,,, —a,[<2™".
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—a,|<27 ™Y p27™D oy 427"

Then, |a, —a,|=|a, -8, +8,, —a,, +..+8,, -2
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where lemma 2.4.7.b was used in the third-to-last step. From lemma 2.4.7.a, we

know that 2°"** converges. Thus, Ve >0,3N()eN >V n=N, 2™ <¢
ie. Ve>0,3N(e)eN>Vvmn=N,la, -a,|<2" <& ie {a,} isaCauchy
sequence. Q.E.D.



