
2.4.10 Let ,21 =a  and let  for  be defined recursively by the formula na 2≥n

  .21 nn aa +=+  
 
2.4.10.a  Prove by induction that nan ∀≤≤ 22 . 
Proof of exercise 2.4.10.a: 
 :  )1( =n 21 =a ⇒ .22 1 ≤≤ a   i.e. )1( =n  is true. 

 :)2( =n 222 12 +=+= aa ⇒ 222
2 +=a  

  We know that 42 ≤22 +≤  since .220 ≤≤  
  Thus, ⇒42 2

2 ≤≤ a .22 2 ≤≤ a   i.e )2( =n  is true. 

⇒ 22 ≤≤ na  22 ≤≤ na Assume :  )( nn =

   :)1( += nn nn a+=+ 21a ⇒ nn aa +=+ 22
1 ⇒ nn aa =−+ 22

1  
 By induction assumption, we have:   

 222 2
1 ≤−=≤ +nn aa ⇒ 2222 2

1 +≤≤+ +na  

 Since 222 +≤  and 422 ≤+ , we have: 
 ⇒42 2

1 ≤≤ +na 22 1 ≤≤ +na .  i.e  )1( += nn  is true.  Q.E.D. 
 
2.4.10.b  Prove that  is a Cauchy sequence and conclude that  converges. }{ na }{ na
Proof of exercise 2.4.10.b 
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 Therefore, we have: 
 nnmmmmnm aaaaaaaa −++−+−=− +−−− 1211 ...  
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lemma 2.4.7.b (see problem 2.4.7) in the last step. 
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 i.e.  is a Cauchy sequence. }{ na
 

Since  is a Cauchy sequence of real numbers, by the axiom of completeness, 
 converges.  Q.E.D. 
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