2.2.5 Prove Theorem 2.2.6.
Theorem 2.2.6: Let {a,} and {b,} be sequences and suppose that a, — a and b, — b.

Suppose that b= 0 and b, =0 V¥n. Then, Iim[a—”j = E.

n—w b

Proof of theorem 2.2.6:
We know that a, ——>a and b, ————b. Thatis, V& >0,3 N,(¢) e N and

b2
AN, () e N >Vn>max{N,;,N,}, |a —a|< | | and |b b|<m|n{ ‘|a|‘ |b|}

_ .| _|b(a, —a)-a(b, ~b)|
\ bn | | bb,—bb+bb | | b*-b(b-b,) |
From exercise 1.1.10 and proposition 1.1.2.b, we have that ‘bz -

a, a

Then,
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z‘bz‘—|b||b—bn|>‘b2‘ Il ‘ ‘ vn>N since o, b|<min{g‘b ‘H}
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Taklng & > O arbitrary, we have:

a, a| |b(a,—a)-a(b, —b)|<|b(a -~a)-a(b, -b) _ |b(an—a)—a(bn—b)|
b | b?—blb-b,) | b’ i b? |
2
|b(a a)| 2|a(b |_2|an | |a||b |bythetr|angle inequality.
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vn= N, since [a, —a| < ng| and |b, —b| < mln{ ‘ ‘ |b|} we have:
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i_i n a|+2|a||bn b|<2ﬂ+2m:£ f:g_ |ei_>i as
b, b b] b7 4ol 4ap’| 2 2 b

n—o. Q.E.D.
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