2.1.5 Prove that a sequence {a,} can have at most one limit.

Lemma 2.1.5.a:
VX, yeR, ifx>y,then3d>05x-0>Yy+0.

Proof of lemma 2.1.5.a:

Suppose X >Yy. Then, x—y>0=>x-y > X;y>0. Choose 5=X+4y.

:>x—y>x+4y+%:25:>x—5> y+o Q.E.D.

Proof of exercise 2.1.5:
In order to get a contradiction, suppose a, —a and a, —> a'# a.
WLOG, suppose that a<a'= 36 >03a+0o<a'-o bylemma2.15.a.
Since a, > a and a, —» a'# a, we have that Ve >0, 3 N,(¢),N,(e) e N>
vn>N,,la, -8 <& and Vn>N,, [a, —a| <. Choose ¢ =& and let
N = max{N,(5),N,(d)}. Then, ¥Yn> N, we have:
la, —a|<d=>-6<a,—a<d=a-5<a,<a+d
la, —al<d=>-6<a, —a<s=a-s<a, <a+s
Since a+0 <a'-o, it follows that:
a-od<a,<a+o<a-d<a,<a+o=a, <a,.
In particular, a, # a,, which is a contradiction. -« Q.E.D.



