
2.1.5 Prove that a sequence  can have at most one limit. }{ na
Lemma 2.1.5.a: 
  if,, R∈∀ yx ,yx > then ∋>∃ 0δ .δδ +>− yx  
Proof of lemma 2.1.5.a: 

 Suppose .yx >   Then, 0>− yx ⇒ .0
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yxyxyx ⇒ δδ +>− yx   Q.E.D. 

Proof of exercise 2.1.5: 
 In order to get a contradiction, suppose  and aan → .' aaan ≠→  
 WLOG, suppose that ⇒ 'aa < δδδ −<+∋>∃ '0 aa  by lemma 2.1.5.a. 
 Since aa  and n → ,' aaan ≠→  we have that 0>∀ε , ∋∈∃ N)(),( 21 εε NN  

,1Nn ≥∀ ε<− aan  and .',2 ε<−≥∀ aaNn n   Choose δε =  and let 
)}.(),(max{ 21 δδ NNN =   Then, ,Nn ≥∀  we have: 

δ<− aan ⇒ δδ <−<− aan ⇒ δδ +<<− aaa n  

δ<− 'aan ⇒ δδ <−<− 'aan ⇒ δδ +<<− '' aaa n  
Since ,' δδ −<+ aa  it follows that: 

δδδδ +<<−<+<<− '' aaaaaa nn ⇒ .nn aa <  
In particular,  which is a contradiction.    Q.E.D. ,nn aa ≠ →←


