1.4.ex.1  For each 
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  (That is, the real number between 0 and 1 having the same decimal expansion as x.)  For example, {5.145}=0.145.  Let a now be an arbitrary positive real number.  Show that at least one of the numbers 
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  (Hint:  Proof by contradiction; divide the interval [0,1) into 10 intervals of length 0.1)

Proof of exercise 1.4.ex.1:  (Proof by contradiction)

Divide the interval [0,1) into ten intervals of length 0.1:  
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  Suppose 
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.  Then, since there are ten points in question and only nine intervals in which they could be, at least one interval contains two points:  
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  Since both these points are contained within the same interval of length 0.1, the distance between them is at most 0.1.  (The set 
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 is a bounded set with diameter 0.1.  Therefore, any two points within it must have distance less than 0.1)  Therefore, 
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.  But 
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 it follows that 
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  Thus, 
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  That is, 
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 which is a contradiction.  Therefore,  there is at least one point in 
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