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1.3.9 For each of the following sets, say whether it is finite, countable, or uncountable: 
 
1.3.9.a The set of functions from a finite set to a finite set. 
Answer to exercise 1.3.9.a: 
 Let and,A B be finite sets.  For ease of notation, enumerate their contents as: 
    },,...,2,1{ nA = }.,...,2,1{ mB =
 Let  }},...,2,1{},...,2,1{:|{ mnffF →=

Without loss of generality, assume that AfD =)( .  To see that this is a 
reasonable assumption, consider the case where }.{\)( jAfD =   Denote 

  The same analysis that follows will still apply, except 
that the domain will contain one fewer element. 

}.,..,1,1,...,2,1{' njjA +−=

For each there are different elements to which it can be mapped. ,Aa∈ m
Since there are such elements in it follows that there are a total of  
different combinations of possible mappings.  Thus, which is finite. 

n ,A nm
,# nmF =

 
1.3.9.b The set of functions from a finite set to a countable set. 
Lemma 1.3.9.b.1: 
 (n times) is countable. NNN ××× ...
Proof of lemma 1.3.9.b.1: 
 Induct on n. 
 :  N  is countable.  This is trivially true as the identity map from  is 

bijective.  Thus,  holds. 
)1( =n NN →

)1( =n
 Assume   (n times) is countable. :)( nn = NN ×× ...
 :   (n+1 times) = )1( += nn NNN ××× ... NNN ××× )...( .  By proposition 1.3.4, 

since NN ×× ... (n times) is countable and is countable, N NNN ××× ...  (n+1 
times) is countable.  Thus, )1( += nn  holds.  Q.E.D. 

Answer to exercise 1.3.9.b: 
Let where  is finite and}:|{ BAffF →= A B is countable.  For ease of 
notation, let and},...,,1{ nA = ...}.,3,2,1{=B  
Define  (n times) by: NN ××→ ...: Fg

)).(...,),1(()( nfffg =  
Suppose   Then, ).'()( fgfg = )).('...,),1('())(...,),1(( nffnff =   That is, 

  Therefore, '.ff = g is injective. 
Take )....,,(... 1 nkkkk =∋××∈ NN  
Define byFf ∈ .)(...,,)1( 1 nknfkf ==   Therefore, ,... NN ××∈∀k  

  That is,.)( kfgFf =∋∈∃ g is surjective.   



⇒  and  have the same cardinality.  By Lemma 1.3.9.b.1, is 
countable. 

F NN ×× ... F

 
 
1.3.9.c The set of functions from a countable set to a finite set with two or more 
elements. 
Lemma 1.3.9.c: 
  is uncountable. ...××NN
Proof of lemma 1.3.9.c:  (by contradiction) 
 Suppose  is countable.  Then...××NN ...: ××→∃ NNNf  bijective.  

Take   … such that: ...,1 ××∈ NNn ...,2 ××∈ NNn ...,3 ××∈ NNn
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 Construct such that  ...)*,*,*,(* 321 nnnn = ...,*,*,* 3
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11 nnnnnn ≠≠≠
 Clearly, .*)(... NNN ∈∀≠∋××∈∃ jnjfn   That is, is not surjective, which 

is a contradiction.  Thus, 
f

...××NN  is uncountable. 
Answer to exercise 1.3.9.c: 

Let where  is countable and}:|{ BAffF →= A B is finite.  For ease of notation, 
we can denote and,...},{ 21 aaA = }.,...,{ 1 nbbB =  
Define  by...: ××→ NNFg ),...).(),(()( 21 afaffg =  
Suppose   Then).'()( fgfg = ),...).('),('(),...)(),(( 2121 afafafaf =   That is, 

…  i.e. ),(')( 11 afaf = ),(')( 22 afaf = '.ff =   Thus, g is injective. 
Take   Define...)...,,,( 21 ××∈ NNnn Ff ∈ by ...,)(,)( 2211 nafnaf ==   Thus, g  
is surjective. 
Therefore, g is bijective and .)( FgD =     has the same cardinality as 

.  By lemma 1.3.9.c.1, it follows that  is uncountable. 
⇒ F

...××NN F
 

1.3.9.d The set of all finite subsets of the integers.  Hint:  prove that for each n, the set of 
finite subsets of size n is countable. 
Definition:  A set is at most countable if it is either finite or countable. 
Definition:  Two sets  andA B are equal iff BxAx ∈⇒∈ and .AxBx ∈⇒∈  
Lemma 1.3.9.d.1: 
 is at most countable. }|#{ nAABn =⊂= Z
Proof of lemma 1.3.9.d.1: 
 Proof by induction. 

:)0( =n   This is trivially true as the only subset with zero elements is the empty 
set, which is finite by definition. 



:)1( =n   This, too, is trivially true.  Each element  consists of a singleton 
  Define y

1BA j ∈
}.{ j Z→nBf : b .})({ jjf =   Thus, is a bijection between  and 
which is a countable set.  Hence,  is countable. 

f 1B
,Z 1B

Assume :   is countable. )( nn = nB
:)1( += nn   Want to show that }1|#{1 +=⊂=+ nAABn Z is countable. 

nBB ×1  is countable by proposition 1.3.4 since and  are countable. 1B nB
Take .  Since1+∈ nBA ,1# += nA A is finite.  Define Anf →+ }1,...,1{:  
by , 1}{max)1( aAaf

a
≡∈= 21}}{\{max)2( aaAaf

a
≡∈=  ,…, 

11 }},...,{\{max)1( +≡∈=+ nna
aaaAanf .  Clearly, is bijective 

with   Thus, 

f

}.1,...,1{)( += nfD ,1+∈∀ nBA we can “order” the elements from 
greatest to least and denote }.,...,{ 11 += naaA  
Define  by nn BBBg ×→+ 11: }).,...,{},({)( 121 += naaaAg  
Clearly,  and1)( += nBgD .)( 1 nBBgR ×⊂   Therefore,  is countable if we can 
show that 

1+nB
g is injective by proposition 1.3.2. 

Suppose   Then).'()( AgAg = }).',...,'{},'({}),...,{},({ 121121 ++ = nn aaaaaa   Thus, 
and}'{}{ 11 aa = }.',...,'{},...,{ 1212 ++ = nn aaaa   By definition, two sets are equal iff 

each element of one set is an element of the other.  Thus, '11 aa = and 
  That is, the jth largest element of A is 

also the jth largest element of A’ 
}.',...,'{},...,{ 1212 ++ ∈⇔∈ njnj aaaaaa

.1,...,2 +=∀ nj   Therefore,  ,...,'22 aa =
'.11 ++ = nn aa   Thus, }.',...,'{},...,{ 1111 ++ = nn aaaa   i.e. '.AA =   

Therefore,  is true. )1( += nn
Answer to 1.3.9.d: 

It was established in discussion section that the countable union of at most 

countable sets is countable.  Thus, U is countable by lemma 

1.3.9.d.1 since

∞

=

=⊂
0
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n

nAA Z

}|#{ nAABn =⊂= Z is finite for 0=n and countable for . 1≥n


