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1.3.9 For each of the following sets, say whether it is finite, countable, or uncountable:

1.3.9.a The set of functions from a finite set to a finite set.

Answer to exercise 1.3.9.a;
Let A, and B be finite sets. For ease of notation, enumerate their contents as:

A={12,...,n}, B={12,...,m}.

Let F={f|f:{L2,....,n}>{2,....,m}}

Without loss of generality, assume that D(f) = A. To see that thisis a
reasonable assumption, consider the case where D(f) = A\{j}. Denote
A={12,..,]-1 j+1..,n}. The same analysis that follows will still apply, except
that the domain will contain one fewer element.

For each a € A, there are m different elements to which it can be mapped.

Since there are n such elements in A, it follows that there are a total of m"

different combinations of possible mappings. Thus, #F =m", which is finite.

1.3.9.b The set of functions from a finite set to a countable set.
Lemma 1.3.9.b.1:
N x N x...x N (n times) is countable.
Proof of lemma 1.3.9.b.1:
Induct on n.
(n=1): N iscountable. This is trivially true as the identity map from N — N is

bijective. Thus, (n=1) holds.

Assume (n=n): Nx...x N (ntimes) is countable.

(n=n+1): Nx..xNxN(n+1times)= (Nx..xN)xN. By proposition 1.3.4,
since N x...x N (n times) is countable and N is countable, Nx...x NxN (n+1
times) is countable. Thus, (n =n+1) holds. Q.E.D.

Answer to exercise 1.3.9.b:
Let F={f | f : A— B}where A is finite and B is countable. For ease of

notation, let A={1,...,.n},andB ={1,2,3, ...}.

Defineg: F — Nx...x N (n times) by:

g(f)=(f @), ..., £(n)).

Suppose g(f)=g(f'). Then, (f),..., f(n))=(f'Q),..., f'(n)). Thatis,
f = f'. Therefore, g is injective.

Take k e Nx..x N>k =(k,,....Kk,).

Define f e Fby f(1) =k, ..., f(n) =k,. Therefore, Vk e Nx...xN,

3 feF>g(f)=k. Thatis,gis surjective.



= Fand Nx..x N have the same cardinality. By Lemma 1.3.9.b.1, F is
countable.

1.3.9.c The set of functions from a countable set to a finite set with two or more
elements.
Lemma 1.3.9.c:
N x N x... is uncountable.
Proof of lemma 1.3.9.c: (by contradiction)
Suppose N x N x... is countable. Then3 f : N — N x N x... bijective.

Taken' e NxNx..., n? e NxNx..., n>e NxNx..., ... such that:
f@=(nn'n',.);
f(2)=(n’n,%n2 .);
f(3)=('n’n’ ..);

Construct n* = (n,*,n,*,n,*, ...)such thatn,* = n,*, n,* = n,”, n,*= n.%, ...
Clearly, 3ne NxNx...> f(j)#n*VjeN. Thatis, f isnot surjective, which
is a contradiction. Thus, N x N x... is uncountable.

Answer to exercise 1.3.9.c:
LetF ={f | f : A— B}where A is countable and B is finite. For ease of notation,
we can denote A={a,,a,,...}and B ={b,,...,b, }.
Defineg:F > NxNx... byg(f)=(f(a), f(a,),..).
Supposeg(f)=9(f'). Then(f(a), f(a,),...)=(f"(a,), f'(a,),..). Thatis,
f(a,)=f'(a) f(a,)="f'(a,), ... i.e. f=1" Thus,qgis injective.
Take(n,,n,,...,) e NxNx... Definef eFby f(a,)=n, f(a,)=n,,.. Thus,g
is surjective.
Therefore, gis bijectiveand D(g) =F. = F has the same cardinality as
NxNx.... By lemma 1.3.9.c.1, it follows that F is uncountable.

1.3.9.d The set of all finite subsets of the integers. Hint: prove that for each n, the set of
finite subsets of size n is countable.
Definition: A set is at most countable if it is either finite or countable.
Definition: Two sets A and B are equal iff xe A= xeBandxe B= xe A
Lemma 1.3.9.d.1:
B, ={A c Z |# A= n}is at most countable.

Proof of lemma 1.3.9.d.1:
Proof by induction.
(n=0): This s trivially true as the only subset with zero elements is the empty

set, which is finite by definition.




(n=1): This, too, is trivially true. Each element A’ e B, consists of a singleton
{j}. Define f:B, »> Zby f({j})=j. Thus, f is a bijection between B, and
Z,which is a countable set. Hence, B, is countable.

Assume(n=n): B, is countable.

(n=n+1): Wantto showthatB, 6 ={Ac Z[#A=n+1}is countable.

B, x B, is countable by proposition 1.3.4 since B,and B, are countable.

Take Ae B, ,,. Since#A=n+1, Aisfinite. Define f :{1...,n+1} > A

by f(1) = maax{a e Ay=a, f(2)= mgx{a e A\{a,}}=a, ,...,

f(n+1) =max{ae A\{a,,...,a,}}=a,,,. Clearly, f isbijective

withD(f)={1...,n+1}. Thus, VAe B,,,, we can “order” the elements from
greatest to least and denote A={a,,...,a,., }-

Defineg:B,, —» B, xB, by g(A) ={a,}.{a,,....a,..})

Clearly, D(g9) =B, ., andR(g) < B, xB,,. Therefore, B
show that g is injective by proposition 1.3.2.

Suppose g(A) = g(A')- Then ({al}v{azv--" an+1}) = ({all}l{azll-"i an+1l})- Thus,
{a,}={a,'}and{a,,....a,,,}={a,',...,a,,,'}. By definition, two sets are equal iff
each element of one set is an element of the other. Thus, a, = a,'and

a; e{a,,..a,,y=a; e{a,',...,a,,"}. Thatis, the jth largest element of A is

is countable if we can

n+l

also the jth largest element of A’ Vj =2,...,n+1. Therefore, a, =a,’,...,
a'n+l = an+l" ThUS, {al""’aml}:{al'!""an+ll}' Ie A: AI'
Therefore, (n =n+1) is true.

Answer to 1.3.9.d:
It was established in discussion section that the countable union of at most

countable sets is countable. Thus, U{A c Z|# A =n}is countable by lemma
n=0

1.3.9.d.1since B, ={A < Z |# A = n}is finite forn = 0and countable forn >1.



