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Problem Set #2

1.3.9
For each of the following sets, say whether it is finite, countable, or uncountable:

1.3.9.a
The set of functions from a finite set to a finite set.

Answer to exercise 1.3.9.a:


Let 
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be finite sets.  For ease of notation, enumerate their contents as:
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Without loss of generality, assume that 
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  The same analysis that follows will still apply, except that the domain will contain one fewer element.
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1.3.9.b
The set of functions from a finite set to a countable set.

Lemma 1.3.9.b.1:
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(n times) is countable.

Proof of lemma 1.3.9.b.1:


Induct on n.
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Answer to exercise 1.3.9.b:
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is injective.

Take 
[image: image40.wmf]).

...,

,

(

...

1

n

k

k

k

k

=

'

´

´

Î

N

N


Define
[image: image41.wmf]F

f

Î

by
[image: image42.wmf].

)

(

...,

,

)

1

(

1

n

k

n

f

k

f

=

=

  Therefore, 
[image: image43.wmf],

...

N

N

´

´

Î

"

k

 
[image: image44.wmf].

)

(

k

f

g

F

f

=

'

Î

$

  That is,
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is surjective.  
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 have the same cardinality.  By Lemma 1.3.9.b.1, 
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is countable.

1.3.9.c
The set of functions from a countable set to a finite set with two or more elements.

Lemma 1.3.9.c:
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Proof of lemma 1.3.9.c:  (by contradiction)
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  That is, 
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is not surjective, which is a contradiction.  Thus, 
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Answer to exercise 1.3.9.c:
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Therefore, 
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1.3.9.d
The set of all finite subsets of the integers.  Hint:  prove that for each n, the set of finite subsets of size n is countable.

Definition:  A set is at most countable if it is either finite or countable.

Definition:  Two sets
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Lemma 1.3.9.d.1:
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Proof of lemma 1.3.9.d.1:


Proof by induction.
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Answer to 1.3.9.d:

It was established in discussion section that the countable union of at most countable sets is countable.  Thus, 
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