
1.3.5 Prove that the set of two-by-two matrices with rational entries is countable. 
Proof of exercise 1.3.5: 
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Clearly, is a bijection and f AfD =)( .  Thus, )()( BCardACard =  
Since every component of every element of B is a rational number, it can be 
expressed as the ratio of two integers: 
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Clearly, g is a bijection and BgD =)( .  Thus, )()( CCardBCard = .  By 
Proposition 1.3.1, ).()( CCardACard =  
Define by: N⊂→ DCh :
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By The Fundamental Theorem of Arithmetic, is one-to-one.   maps each 
element of into an infinite subset .  Thus, by Proposition 1.3.2,  is 
countable.  Thus, 
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)()( NCardDCard = .  Therefore, by Proposition 1.3.1, we 
have:  , i.e.  is countable.  Q.E.D. )()( NCardACard = A

  


