1.3.5 Prove that the set of two-by-two matrices with rational entries is countable.
Proof of exercise 1.3.5:

Let A={a b}la,b,c,d eQ},
c d

B ={(a,b,c,d)|a,b,c,d € Q},
C ={(a11a2|bllb21C11C2'd1'd2) | al’a‘2’bl’b2’cl’(;2’di’d2 € Z}’
Define f : A— Bby:

h h
f({ah gh:D:(ah,bh,Ch,dh)
C

Clearly, f isabijectionand D(f)= A. Thus, Card(A) = Card(B)

Since every component of every element of B is a rational number, it can be
expressed as the ratio of two integers:
- b= &; c=L; d= i;
a‘2 b2 C2 d2
a,,a,,b,,b,,c,,c,,d;,d, eZand
a,#0,b,#0,c,#0,d, #0.
Thus, B ={[ﬁ boc ﬂ)lal'az’bl’bz’cl,cz,dl,dz EZ,}
a, b, c, d,) a,#0,b, #0,c, #0,d, #0.
Define g: B — Cby:
h h h h
f(i b#h,ih,d—lh}(alh,azh,bf.bz“,clh,czh,dlh,dzh)
C2 d2
Clearly, gis abijectionand D(g) = B. Thus, Card(B) =Card(C). By
Proposition 1.3.1, Card(A) = Card(C).
Define h:C —» D < N by:
9(a",a,".b"b," ¢ c," d," d,") = 2%3n5"7"11713%1 7" 23"  where:
h = 2a,",a">1 - 2a,",a," >1 . 2b"b">1
1-2a",3"<0’ 1-2a,"a,"<0"° [1-2b".b" <0’
h_ 2b,"b," >1 - 2¢".¢">1 | - 2c,".c," >1
o l1-2p"b"<0" ° |1-2¢.¢" <0’ 1-2¢,".c," <0’

h = 2d,",d," >1 - 2d,".d," >1 |
" l1-2d,",d," <0 1-2d,",d," <0
By The Fundamental Theorem of Arithmetic, his one-to-one. h maps each

element of C into an infinite subset D — N . Thus, by Proposition 1.3.2, D is
countable. Thus, Card(D) = Card(N). Therefore, by Proposition 1.3.1, we

have: Card(A)=Card(N), i.e. A is countable. Q.E.D.
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