
Definition:  Let be a set whose elements have been put in a one-to-one correspondence 
with {1,…,n} if is finite and N if A is infinite.  Let B be a set of elements of A with 
some property   The 
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1.3.1.a Prove that the union of two finite sets is finite. 
Proof of exercise 1.3.1.a: 

Let ,A B be finite sets.  Then for some N∈n ∃ Anf →},...,1{:  bijective defined 
by .  Thus, we can writejajf =)(  ∀ },...,1{ nj∈ },...,,{ 21 naaaA = . 
Since B is finite, for some N∈m ∃ Bmg →},...,1{: bijective defined by 

.  Thus, we can write lblg =)( ∀ },...,1{ ml∈ },...,,{ 21 mbbbB = . 
Let  correspond to the first element 11 ≥m .
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It follows that .  Define },...,,,...,{
11 lmmn bbaaBA =U

},...,1,,...,1{: lnnnBAh ++→U by: 
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Clearly, :h },...,1,,...,1{ lnnnBA ++→U is bijective and  BAhD U=)( .
Thus, is finite and CardBAU lnBA +=)( U . 

 
1.3.1.b Prove that the union of a finite set and a countable set is countable. 
Proof of exercise 1.3.1.b: 

Let  be a finite set.  Then for some A N∈n ∃ Anf →},...,1{:  bijective defined 
by .  Thus, we can writejajf =)(  ∀ },...,1{ nj∈ },...,,{ 21 naaaA = . 
Let B  be a countable set.  Then ∃ Bg →N: defined by lblg =)( ∀ N∈l .  Thus, 
we can write . ,...},...,,{ 21 mbbbB =
Let  correspond to the first element 11 ≥m .
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It follows that .  Define },...,,,...,{
11 lmmn bbaaBA =U

Define by: N→BAh U:
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Clearly  is bijective and N→BAh U: BAhD U=)( . 
Thus, is countable. BAU

 
1.3.1.c Prove that the union of two countable sets is countable. 
Proof of exercise 1.3.1.c: 

Let  be a countable set.  Then A ∃ Af →N: defined by .  
Thus, we can write . 

kakf =)( ∀ N∈k
,...},...,a,{ 21 naaA =

Let B  be a countable set.  Then ∃ Bg →N: defined by lblg =)( ∀ N∈l .  Thus, 
we can write . ,...},...,,{ 21 mbbbB =
There are two cases: 
Case I:   is finite.  ⇒AB \ BABAA UU =)\( is countable by part b. 
Case II:   is infinite. AB \
Let  correspond to the first element 11 ≥m .
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Define by: N→BAf U:
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Clearly  is bijective and N→BAh U: BAhD U=)( . 
Thus, is countable. BAU


