Definition: Let Abe a set whose elements have been put in a one-to-one correspondence
with {1,...,n} if Ais finite and N if A is infinite. Let B be a set of elements of A with
some property p(B). The first element of B is defined to be
argmin{j|a; € A, p(B)holds}if B is finite and argmin{j|a; € A, p(B)holds}if B is

n} j

jeN

infinite.

1.3.1.a Prove that the union of two finite sets is finite.
Proof of exercise 1.3.1.a:
Let A, B be finite sets. Then forsome ne N 3 f :{l,....,n} — A bijective defined

by f(j)=a; V je{l..,n}. Thus, we canwrite A={a,,a,,...,a,}.
Since B is finite, for somem e N 3 g : {l,..., m} — B bijective defined by
g(l)=b, V1 e{l,...,m}. Thus, we can write B ={b,,b,,....b,}.

Let m, >1 correspond to the first element b, e B>b, ¢ A

Let m, > m, correspond to the firstelement b, € B\{b, }>b, ¢ A

Let m, >m,,correspond to the first element b,  B\{b,, ,...b, }>b, ¢ A
withB\A={b,, ,...,.b, }.
It follows that AUB ={a,,...,a,,b,, ,..,b, }. Define

Y T
h:AUB —>{L,...,n,n+1,...,n+1}by:
a,—1
a,—n
b, F n+1
b, » n+l

m

Clearly, h: AUB —{.,...,n,n+1,...,.n+1}is bijective and D(h) = AUB.
Thus, AUBis finite and Card(AUB) =n+1.

1.3.1.b Prove that the union of a finite set and a countable set is countable.
Proof of exercise 1.3.1.b:
Let A be afinite set. Then forsome ne N 3 f :{L,...,n} —> A bijective defined

by f(j)=a; V je{l..,n}. Thus, we can write A={a,,a,,...,a,}.

Let B be a countable set. Then 3 g:N — Bdefined by g(I)=b, V1 eN. Thus,
we can write B ={b,,b,,...,.b,...}.

Let m, >1 correspond to the first element b, e B>b, ¢ A

Let m, > m, correspond to the firstelement b, € B\{b, }>b, ¢ A

Let m, > m,_,correspond to the first element b, € B\{b,, ,...b, }>b, ¢ A



withB\A={b ,....b, ,..}.
It follows that AUB ={a,,..,,a,,b,, ,....b, }. Define
Define h: AUB — N by:

a1

a, > n
b, = n+1

b, = n+l

Clearly h: AUB — N is bijective and D(h) = AUB.
Thus, AU B is countable.

1.3.1.c Prove that the union of two countable sets is countable.
Proof of exercise 1.3.1.c:
Let A be acountable set. Then 3 f :N — Adefinedby f(k)=a, VkeN.

Thus, we can write A={a,,a,,...,a,,...}.

Let B be a countable set. Then 3 g:N — Bdefined by g(I)=b, V1 eN. Thus,
we can write B ={b,,b,,...,b,,...}.

There are two cases:

Case I: B\ A isfinite. = AU(A\B)= AUB s countable by part b.

Case Il: B\ A is infinite.
Let m, >1 correspond to the first element b, e B>b, ¢ A

Let m, > m, correspond to the firstelement b, € B\{b, }>b, ¢ A
Let m, > m,_,correspond to the firstelement b, € B\{b,, ,....b, }>b, ¢ A

withB\A={b, ,....b, ,..}.
Define f: AUB — Nby:
a, —1
b, = 2
a, -3
b,, + 4

Clearly h: AUB — N is bijective and D(h) = AUB.
Thus, AU Bis countable.



