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1.3.1.a
Prove that the union of two finite sets is finite.

Proof of exercise 1.3.1.a:

Let 
[image: image6.wmf]A

,
[image: image7.wmf]B

be finite sets.  Then for some 
[image: image8.wmf]N

Î

n



 EMBED Equation.3  [image: image9.wmf]$



 EMBED Equation.3  [image: image10.wmf]A

n

f

®

}

,...,

1

{

:

 bijective defined by
[image: image11.wmf]j

a

j

f

=

)

(

 
[image: image12.wmf]"



 EMBED Equation.3  [image: image13.wmf]}

,...,

1

{

n

j

Î

.  Thus, we can write
[image: image14.wmf]}

,...,

,

{

2

1

n

a

a

a

A

=

.

Since B is finite, for some
[image: image15.wmf]N

Î

m



 EMBED Equation.3  [image: image16.wmf]$



 EMBED Equation.3  [image: image17.wmf]B

m

g

®

}

,...,

1

{

:

bijective defined by 
[image: image18.wmf]l

b

l

g

=

)

(



 EMBED Equation.3  [image: image19.wmf]"



 EMBED Equation.3  [image: image20.wmf]}

,...,

1

{

m

l

Î

.  Thus, we can write 
[image: image21.wmf]}

,...,

,

{

2

1

m

b

b

b

B

=

.

Let 
[image: image22.wmf]1

1

³

m

 correspond to the first element 
[image: image23.wmf].

1

1

A

b

B

b

m

m

Ï

'

Î


Let 
[image: image24.wmf]1

2

m

m

>

correspond to the first element 
[image: image25.wmf].

}

{

\

2

1

2

A

b

b

B

b

m

m

m

Ï

'

Î



[image: image26.wmf]M


Let 
[image: image27.wmf]1

-

>

l

l

m

m

correspond to the first element 
[image: image28.wmf]A

b

b

b

B

b

l

l

l

m

m

m

m

Ï

'

Î

-

}

,...,

{

\

1

1

 with
[image: image29.wmf]}.

,...,

{

\

1

l

m

m

b

b

A

B

=


It follows that 
[image: image30.wmf]}

,...,

,

,...,

{

1

1

l

m

m

n

b

b

a

a

B

A

=

U

.  Define 
[image: image31.wmf]}

,...,

1

,

,...,

1

{

:

l

n

n

n

B

A

h

+

+

®

U

by:



[image: image32.wmf]l

n

b

n

b

n

a

a

l

m

m

n

+

+

a

M

a

a

M

a

1

1

1

1


Clearly, 
[image: image33.wmf]h

:
[image: image34.wmf]}

,...,

1

,

,...,

1

{

l

n

n

n

B

A

+

+

®

U

is bijective and 
[image: image35.wmf]B

A

h

D

U

=

)

(

.

Thus, 
[image: image36.wmf]B

A

U

is finite and Card
[image: image37.wmf]l

n

B

A

+

=

)

(

U

.

1.3.1.b
Prove that the union of a finite set and a countable set is countable.

Proof of exercise 1.3.1.b:

Let 
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1.3.1.c
Prove that the union of two countable sets is countable.

Proof of exercise 1.3.1.c:

Let 
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