1.1.10 Prove that all real numbers x and y satisfy
IxI-1yll<|x=y|
Lemma 1.1.10.a: Ox=x
Proof of Lemma 1.1.10.a:
0x+0=0x
0x=(0+0)x
(0+0)x =0x+0x
= 0x+0=0x+0x
= 0+0x=0x+0x
= 0=0x
Lemma 1.1.10.b: —x=(-1)x
Proof of Lemma 1.1.10.b:
X+(-=x)=0
X+ (-D)x =1x+ (-1)x
X+ (-Dx=@Q+(-1)x
@+ (-1))x =0x
0Ox=0
= X+ (—=X) =X+ (-Dx
= (-X)+x=(-1Dx+x
= —x=(-1)x
Lemma1.1.10.c. —(y—X)=Xx-Yy
Proof of Lemma 1.1.10.c:
(y=x)+(=(y-x))=0
0=0+0=(y+(=y)+(x+(-x))
(y+ (=) + (x+(=x)) = (Y + (X)) + (x + (=¥))

(Y+ (=) +(X+(=y) =(y=x)+(x=Y)
= (Yy=X)+(=(y=x) =(y=x) +(x-y)
= (=(y=x)+(y=-x) =(x=y)+(y—X)
= —(y-x)=x-y
Lemma 1.1.10.d: |y—x]|=|x-Yy]| VX,yeR
Proof of Lemma 1.1.10.d:
ly =x|=[=(=(y=x)I
|=(=(y=x) | =] = (x=Yy)|
|-(x=y)[=]-1x-y) |
|-1(x=y) [=|-1][x-y|
|-l x=y[==(-D|x-Y]|
—(DIx-y|=1x-y|=|x-vY]|

Proof of Exercise 1.1.10:
[ X|=[x+0[=]x+y+(Yy)]
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[x+y+(-y)|=|x=-y+Yy| Additive commutativity

|Xx=y+y|<[x=y[+]y] Triangle inequality

= |x[<[x=y[+]y]

= [ X|=]y[<|x=-Yy] Axiom 04 and defn of “-“

lyl=]y+0[=]y+x+(X)| Additive identity

ly+x+(X)|=|y-x+x]| Additive commutativity

ly=x+x|<|y-x|+]|x] Triangle inequality

= |yl<ly—-x[+]x]

= |y|-|1X|L|y=-x|=|x=-VY]| Axiom 04 ,defn of “-“, and
lemma 1.1.10.d

|y l=1x]=]=(x]=1y]] Lemma 1.1.10.c

x| y|=¢ XIIyIwhenxI =Ty 0 ot which are <|x—y|

—(Ix|=1ywhen|x|-]y|<0
Therefore, | x|- |y | < |x-Y]| Q.E.D.



