4.

Show that the function f (x) = x+/x is continuous on [0,0) but not uniformly

continuous.

Answer to question 4:

Consider the function f,(x) = x. Take an arbitrary sequence {x,} < [0,)
5> X, > Ce[0,0) as n »>o. Then f(x,)=X, >c=f(c) as n - .
Therefore, f, is continuous at c. Since c is arbitrary, it follows that f, is
continuous on [0, ) .

Consider the function f,(x) = Jx. Suppose f, is not continuous at x =0. Then
deg, >09V5>0,EIX3|X|<5 and ‘\/;‘>80.

Let 5§ =¢,°. Then x <&,” =X < &,, Which is a contradiction —« . Therefore,
f, is continuous at x = 0.
Consider the interval (0,2). Take ¢ € (0,o0) arbitrary. Take & > 0 arbitrary.

Let |x—c|s§<g\/_

= ‘\/;—\/E‘ \/|;+j_ |X\/_C| \/_ ‘3/__—5. Therefore, f, is continuous

at c. Since ¢ was arbitrary, it follows that f, is continuous on (0,0) .

By theorem 3.1.1.c, we have that f(x) = f, f,(x) is the product of continuous
functions on [0,) and is therefore continuous on [0, ).

Let {x,} and {y,} besuchthat x, =n® and y, =n? +%.
T .
Thenas n— o, |x, —y,|=n*-n’-={=|=—>0. Thatis, v6>0 IN(¢)eN
n| |n

>Vn=N, [x, —y,[< 6.
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satisfying |f (x,)— f(y,)|>&. Therefore, f is not uniformly continuous
on [0,0).
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