
1.a Show by using the axioms of the real numbers that  for each real z. 02 ≥z
Proof of question 1.a: 
 It is necessary to break this proof up into two cases:  I)   and II) . 0≥z 0<z
 Case I:   0≥z
 ⇒      Axiom O5 0≥z zzz 0≤
 Claim 1:   00 =z
 Proof of claim 1: 
       Axiom P3 zz 000 =+
       Axiom P3 zz )00(0 +=
      Axiom P5 )00()00( +=+ zz
  zzzzz 0000)00( +=+=+    Axioms P9 and P5 
  ⇒     Transitivity zzz 0000 +=+
  ⇒      Proposition 1.1.1.a 00 =z
 Thus, we have:  .   Q.E.D. 002 =>≡ zzzz
  

Case II:   0<z
0<z ⇒      Proposition 1.1.1.d 0>− z

0>− z ⇒     Axiom O5 )(0))(( zzz −>−−
2))(( zzzzz ==−−      Proposition 1.1.1.c 

0)(0 =−z       Claim 1 
⇒     Transitivity 0)(0))((2 =−>−−= zzzz
⇒       Q.E.D. 02 ≥z

 
1.b Define , and use the notation  to denote the multiplication 112 +≡ 2x xx ⋅ .  Show 

by using the axioms of the real numbers and part , that  for 
each  

)(a 22)(2 yxyx +≤⋅⋅
., R∈yx

Proof of question 1.b: 
 From part , we know that )(a 02 ≥z .R∈∀ z   Let )( yxz −+=  
 ⇒ ⇒0))(( 2 ≥−+ yx 0))())((( ≥−+−+ yxyx  Definition of 2 . 
 ⇒ 0))()(())(( ≥−+−+−+ yxyyxx    Axiom P9 
 ⇒ 0))(()()( ≥−−+−+−+ yyxyyxxx   Axiom P9 
 ⇒    Proposition 1.1.1.c and  0)()(2 ≥+−+−+ yyyxyxx

Axiom P5 
 ⇒    Axioms P7 and P5 0)(1)(1 22 ≥+−+−+ yyxyxx
 ⇒     Axioms P1, P5, and P9  0)()11(22 ≥−+++ yxyx
 ⇒     Definition of 2  0)(222 ≥−++ yxyx
 ⇒  Axiom O4 )))(2((0))(2()(222 yxyxyxyx −−+≥−−+−++
 ⇒     Axiom P3 ))(2(022 yxyx −−≥++
 Claim 2:   xyyx 2))(2( =−−
 Proof of claim 2: 



  0)))(2(()(2 =−−+− yxyx    Axiom P4 
  ))((22)(2 yyxxyyx −+=+−    Axiom P9 
  0)0(2))((2 ==−+ xyyx    Axiom P4 and claim 1 
  ⇒ xyyxyxyx 2)(2)))(2(()(2 +−=−−+−  Transitivity 
  ⇒     Proposition 1.1.1.a xyyx 2)(2 =−−
 Thus,   Q.E.D. xyyx 222 ≥+ 22)(2 yxyx +≤⋅⋅⇔


