Econ 203C: Systems Models
Problem Set 5

Michael Powell
Department of Economics, UCLA
May 15th, 2006

Question 1:
Consider the Generalized Method of Moments (GMM) estimator defined in Lecture Note 10:

0,, = argminm,, (0)' V" 'm,, (9),
6co
where
V5 V', a non-stochastic non-singular matrix

1 n
my (0) = - ng (yi,xi;0), and
i=1

Eo [¢ (ys, 243 00)] = 0.

Note: The proofs should follow the same steps as for the proof of consistency for the MLE. In each step
make sure to state the exact assumption(s) needed for the statement(s) made.

(a) Show that 6, is a consistent estimator for 6.

Solution: First, define Q,, (0) = m,, (0)' V,, 'm,, (0). In order to prove the consistency of the GMM
estimator, we need first to make the following three assumptions:

Assumption 1 (Uniform convergence): Define mg () = Eq [¢ (Yi, X;;0)]. Then

sup |my, (8) — mg (0)] 2.
feo

An immediate implication of assumption 1 is that if we define
Qo (0) = Eo [ (Y, Xi30)]' V™1 By [0 (V;, Xi6)] -

Then
sup |Qn (0) — Qo (8)] 2 0.
0cO

That is, assumption 1 implies that Q,, 2> Qo uniformly in 6.

Assumption 2 (Identification): For all 6 such that ||0 — 6y|| > €, Qo (0) — Qo (6o) > 0.

Assumption 3 (Continuity): For all n, @, (0) is continuous in 6.

This assumption allows us to use the Mann-Wald theorem to establish that since 0, = 6, + op (1),
Qn (9n) =Qn (90) +0op (1)

Let € > 0 be arbitrary. Suppose ||§ — 0p|| > . By Assumption 2, there exists a 6 > 0 such that
Qo (0) — Qo (0p) > 6. This gives us that
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By assumption 2, the right hand side goes to zero as n — oco. Therefore,

lim Pr [

n—oo

9n—00H 26} =0
Or @n 2. 0,. That is, 971 is consistent for 6.

(b) Show that 6, is asymptotically normal, that is /n (én - 90> 4N (0,V).
Solution: Here, we have that

Qu(0) = (iZsom,Xi;e)) v (iZso(Yi,Xi;a))

i=1 i=1

= m, (6’)/ Vn_lmn (0)

If we assume:
Assumption 4 (Interiority): 6y € int (©).
Assumption 5 (Differentiability): @, is twice continuously differentiable in 6.

This will guarantee that 0,, will satisfy 8Q’ég}”) = 0. In addition,

%0 = (P[5
= 20O (v, o)
dm,, (6)

og ("

= 2
Thus,

om,, én .
2&5) (Vi) ma () = 0

omn (0n) (Vi) ma () =0

08 "

Performing a first order Taylor expansion of m,, (f) around 6y, we have

e (8.) = (0) + 37”89(9) (9 00)

Where 0 €

0., 90‘. Plugging this result into (1), we have

om, (9n) om, (9n) om,, (é)
—1y/ N . _
Or, if we assume

Assumption 6 (Invertibility): The matrix [3%%(9) (Vn_l)/ dmn (0)

Therefore,

/a (@n - 90> _ _8mn (9n) (V*l)/ om, (é) om,, (én) (anl)' S, %)

00 " a0’ 00

Next note that by the central limit theorem, assuming
Assumption 7 (i.i.d. data): (Y7, X;) are i.i.d.

507 } is nonsingular for all § for all n.



Assumption 8 (Moment Conditions):

Varg (¢ (Yi, Xi:00)) = Eo [ (Yi, Xi500) ¢ (Yi, Xi:60)'] < +00

Then,
Vinmy, (80) = f(ii@ Yz,XzﬁO))
_ f(iéw Y, Xi:6,) - [so(Yi,Xi;eo)])
=0
Where

A (90) = Eo [90 (Yi, Xi; 90) ® (Yi» X 90)/]

If we further assume that
Assumption 9 (Uniform Upper Bound):

"5
] <+

Ey [sup
0cO

Then by the uniform law of large numbers, we will have

Omy, (0) 1= 09 (Yi, X;50) p ¢ (Yi, Xi;0)
a0 _EZ 90 = Eo 90

i=1

Uniformly in 6. Therefore, we have

omay, (On) b Ay (Ys, X4;00)
00 0 00

Omy, (9) g 0o (Y, X3 00)
o0’ 0 o0’

Define A (60) = Eo [W} . Since V,, & V, by the Mann-Wald theorem, we have that V,; 1 2 V1.

Putting this together with Slutsky’s theorem and another application of the continuity theorem, we have

—W v 8m§9f(9)] am?égg") (Vi) 2 [0 () 60| 400) (V1)

Define this quantity to be B (6p).
Using Slutsky’s theorem once again, we have

Vi (0 = 00) 5 N (0, B (60) A (6) B (60)')

Where
A(Bo) = Eole (Y, Xi300) ¢ (Y;, Xi300) ]
B = [~A00) (V) A@0)] A0 (V)



Question 2:
Consider the following model:
yi =2y + i,

for i =1,...,n where u; conditional on z; has a normal distribution, that is,

Define
1 ifyr >0,
YP=1 0 otherwise.
(a) Show that Pr(Y;=1/Z;) = @ (i—?) Explain why « and o, cannot be separately identified.

Denote § = -, and let 0y be the population parameter.

Solution:v First note that if u;| Z; ~ N (O, 012}), then —u;| Z; ~ N (0,012)). Thus
Pr(Y;=1%] = Pr[Y >0 Z]
= Pr(Zy+u >0|Z]
= Pr{-u < Zjn|Z]

.7
_ pr[_w il zz}
JU J’U

(2)
O—’U
Suppose we have some alternative model in which

Y =Zy" +vi

Where
| Z~N (o, (a;;)?)

o1 Y=o,
"7 1 0 otherwise.

Suppose v* # v and o} # o, but Z— = Ulv Then

PrY;=1|2] = Pr(Zqy" +v;>0|Z]
Pr(—vo < Z!v*| Z;

Zly*
_ pr[_”g< il ZZ]
UU J’U

Zly*
()
0—1)
7! Zly*
o(%) =0 (%)
oy ol

These two models are therefore observationally equivalent. That is, we cannot tell the difference between
the model which has the parameters (,0,) and the one that has the parameters (v*,07). Define 6 = .
Then

Thus,

Pr(Y; = 1] 2] = ® (26)

(b) Provide the normalized log likelihood function for 6.



Solution: Since Y;| Z; ~ Bernoulli (Pr[Y; = 1| Z;] = ® (Z0)), we have

fvi (wil Zi) = @ (Z[0)" [1 — & (Z}9)] ™"

The likelihood function is therefore
LY, z;) = [[{® @0 1 -z}

Taking logs,
log L (0] i, Z:) = 3 {Yilog @ (200) + (1 - Yi) log[1 — @ (Z0)]}
i=1
And the normalized log likelihood function is therefore,

n

Tlog L6 Y0, Z) =+ 3" {Yilog® (Z/6) + (1 - ¥i) log 1 - ® (Z/0)]}

=1

(¢) Provide the first order conditions for 6,,, the estimator for 0.
Solution: Taking first order conditions, we have

i=1 Zi0n Zi0n,
Rearranging,
Lo [ Zvie (Z' ) AT (Z’ ) ( ) + 7Y (Z;én) ® (Z en) — 7 (den) ® (Z’6n>
> o (z0) [1=o (2]
Or
n Y~ ® (Z;én) )

(d) Show that the estimator obtained by solving the first order conditions in (c¢) can be viewed as a
Method of Moments estimator.

Solution: Define

Y; — ®(Z9)
@ (Z0)[1 — @ (Z0)]

o (Yi, Zi;0) = ¢(Z0) Z

Here, we note that dim (Z;) = dim (6) and there is no need to use generalized method of moments. As

1 n R
n;so(n,zi;en) -

Assuming (Y;, Z;) are i.i.d. and Ej [supycg |¢ (Yi, Zi;0)|] < +00.  Then by the uniform law of large
numbers

shown in part (¢), 6, solves

n

1
- > 0 (Yi, Zi;6) B By lp (i, Zi;0)]

i=1



Uniformly in 0. This gives us that 0,, 2 6y where 6 is such that Eq [¢ (Y;, Zi;0)] = 0 if and only if
0 = 6p. It thus only remains to show that Ey[¢ (Y3, Z;;6)] = 0 if and only if § = 0,

Y, — @ (210)

ZI6)[1 - ©(Z16)
Y, — @ (700)

g {E Lb (Z0)[1 - ® (Z0)]

Bolo (1. 2i0)] = Bo g 6(20)2]

b (Z9) Z;

3

6 (219) Z, ]
®(Z10)[1 - ® (Z00)]

_ 5 {{Eo i Zi] — @ (Z16)}

Next, we have that Ey [Y;]| Z;] = Pr[Y; = 1| Z;,00) = ® (Z[6y). Therefore,

¢ (Z0) Z; ] —0
®(Zl0)[1—-(20)]]

Eole(Y:, Z;;0) = FE [{<I> (Zi6y) — @ (Z]0)}

If and only if 8 = 6y. That is, 9" is a method of moments estimator.



Question 3:
Consider the linear model given by

Yi = x;ﬂo +&;

Eq [&i| 2] = 0,
Z1i
for i =1,...,n, where x; is a K x 1 vector of regressors, that is, x; =
TKi
Define the vector
() 2 2 /
Zi = ($¢7$1i,~--,wKi,$11$2¢,--~79€1i33Ki) )
and the following moment functions:
¢1 (yiswi;8) = (yi — x;B) xi, and
¢y (i 2 B) = (yi — 2iB) zi-

(a) Define the population parameter vector j,.
Solution: Since Ej [¢;] X;] = 0, we have that 5, solves

Ey [V X;i] = X!B,
Or
Eo[Yi — X[{Bol Xi] =0

(b) Show that when evaluated at the population value f,,,

Eo [¢1 (yiszis Bg)] = 0, and
Eq [y (yir2i:80)] = 0.

Solution: From part (a), we have that
Eo [Y; — XiBol Xi] =0
This gives us

0 Eo [Yi — X8| Xi] Xi = Eo [(Yi — X;B¢) Xi| Xi] = Eo [¢q (Yi, Xi; 89)]
0 = EolYi— X8yl Xi] Zi = Eo[(Yi — X;By) Zi| Xi] = Eq [y (Yi, Zi; Bo)]

Since Z; is a function of X;.

(¢) Define the optimal GMM estimators for 5, based on ¢, (y;, ;; 5) and ¢4 (i, 2i; 5), say B,ll, and Bi,
respectively.
Solution: Based on ¢, (V;, X;; 3), we have that 3, solves

Eo [y (Yi, Xis 89)] = 0
We define the GMM estimator by

!/

1 1 n 1 n
n = argmin|— Y, XisB)| Vit = Yi, Xi;
B §eB ln ; 1 ( B) n ; ¢ ( ﬁ)]
!/
) 1 n B 1 n
= argmin [n > (XY - XiX[B)| V! - > (XY - XiX{,B)]
€ i=1 i=1

= argmin(X'Y — X'X8) VL (X'Y — X'X3)

BeEB

= argmin (Y'XV, ' X'Y - X' XV, ' X'Y - Y'XV ' X'XB+ X' XV, ' X'XB)
BeB

= argmin (YXV, 'X'Y - 28 X' XV, ' X'Y + B'X' XV, ' X' Xp)
BeB



Taking first order conditions,
(8): —2X'XVIX'Y + 2X' XV X' X[, =
Rearranging
X'XVIX'XB, = X'XVIX'Y
If we assume that X’X is invertible, then

A1
n

(X XV, 1X X)X XVXY

= (X ) Vo (X'X)™ X/XanlX/Y
X'X)"'v,volX'Y

(X'X)"' XY

Which is the standard OLS estimator. This shows that OLS is a GMM estimator.
Based on ¢, (Y;, Z;; 3), we have that 8, solves

Eo [pg (Yi, Zi; Bo)] = 0

Since in general, dim (Z;) = ¢ > k = dim (f), the generalized method of moments estimator would be
such that

!

A2 1 «

Bn:argmin 72802 (K?Z’L7/B) V71
BEB n i—1 \;/Z

X

kxZ{ Ixk

1 n
n ;:1 ® ( B)

Where V,~' % V~1 which is non-stochastic. Plugging in the values

/

R 1 n n
3. = argmin lz ZiYi — Z:Xif) Z 7Y, — Zp{,ﬂ)}
peB |4 i=1
1 1 '
= argmin (Z’Y — Z’Xﬁ) vt (Z’Y — Z’Xﬁ)
BeB n
= argmin(Z'Y — Z’XB) V1 (Z'Y — Z'X )
BeB
= argmin (Y'Z - X'2)V, ' (Z'Y — Z'XB)
peB
= argminY’'ZV, 'Z'Y - g'X'ZV, 1 Z'Y - Y'ZV, 12 XB+ B'X' 2V, 1 Z' X
BEB
= argminY'ZV, 'Z'Y - 28 X' ZV, 1 Z'Y + B'X' 2V, 1 7' X
BeB

Taking first order conditions
(B): —2X'ZV.1Z'Y +2X' 2V Z'X B = 0

Rearranging
2
X'ZV, 72 XB, = X' 2V, Z'Y
If we assume that (X’ZV;IZ’X)f1 exists, we have

B = (X'ZVlz'X) X' zvtzy



This is nothing other than the weighted IV estimator with II = X’ZV, 1. This shows that the weighted
IV estimator is a GMM estimator. Similarly, if we let V71 = (2’Z)"", then

~2

—1
5= (X/Z(Z’Z)*1 X) X'7(2'2) 7'y
= (X'PzX)"' X'PzY = Bysps

That is, the 2SLS estimator is a GMM estimator.

A1 2
(d) Provide the asymptotic covariance matrices for 3, and 3,,, from (c).
Solution: From question 1, part (b), we have that

vn (B:L - 50) 4N (0, B(8y) A (o) B(8y)")

Where
A(Bo) = Eo ey (Yi, Xi; Bo) 1 (Y, X3 Bo) ]
B(By) = [~AB) (V) AB)] Ay (v
ABy) = Eo {3901(3/35(1;50)]

Plugging in the values, we have

A(Bo) = o |(Yi— XIBo) X: X[ (Yi — XI5y)]
= EO [5LX1X1/5;]
= Ey[XiX[e]]
A(By) = Eo [XiX]] = Exx
B(By) = |~Sxx (V7!) Tyl Csex (VY

_ -1
- _ZXX

This gives us

B (8y) A (Bo) B (By) = E)_(leO [Xin%zz] E)_(lx
And therefore o .

Vi (B = Bo) = N (0,55 o [XiX[2] BRY)

Whi§121 is the standard sandiwch form covariance matrix.
For f3,,, we have

Vit (B = Bo) > N (0,8 (80) A (50) B (8,)')
Where
A(By) = Eo [902 (Yi, Xi5 Bg) 02 (YiaXi;ﬂo)/]
/ Nt -1
B(B) = [~A(B) (V) ABe)] A (V)

/

:|



Plugging in the values,

A(By) = Bo|(Yi— XIBo) ZiZ, (Vi - XIB,)|
= Eyle;Z;Z}e}) = By [Z:Z}€3)
A (BO) = EO [ZzXll] = ZXZ

B (B,) = {—sz (V_l)lzlxz} - Sxz (V)

/

Thus,

B (Bo) A (By) B (By) = [EXZ (V_l)/z/xz} Sxz (V) By [Z:2ie2] V1S, [ZXZV_lxkzrl
Which gives us

Vn (Bi - 50) 4N (07 {ZXZ (V_l), IXZ}

Sxz (VY Ey (222 Vi, [zxzv—lz’xz]l)

42

(e) Provide a consistent estimator for the asymptotic covariance matrix of 8,, from (d). Show that the
proposed estimator is, in fact, a consistent estimator for its population counterpart, using the assumptions
put forward in Lecture Note 10.

Solution: Recall in part (d) that

Vit (B = By) = N (080 ()

Where

Ao (Bg) = {ZXZ (Vﬁl)/zlxz] Yxz (Vﬁl)/Eo [Z:Z{el] V'S g [szvflzlxz]_1

I claim that
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22
Where & 5 = (Y X’B ) (YZ - X{Bn). In order to establish this, first note that assuming (X;, Z;) are
iid. and that E[|X;Z!|] < 400, by the weak law of large numbers,

1 1<

—X'7 = = XZ| B E[X;Z]]=Yxz
n n

lox - liz-xf&E[zxqz !
n n 1<% 1<%q XZ

i=1
Also, we know that V,, 2 V, so by the continuity theorem, V7! % V=1 Next note that if we assume

(Zi,e;) are i.i.d. and that F [|ZZZ{5f|] < 400, then

—ZZZ’52—>E (2,2}

10



By the weak law of large numbers. Also, since

S STPEN S Y VTINE Y PT
i=1 1=1

LSSz (v i) (v - XB) - 6= i) - X2

i=1

-2 zj; 2.2, KYY ~2(B) xvi+ (B)) X,;X{Bi) — (VY — 260X.Y + ﬁéXin{ﬁo)}
= %i Z,Z; {2 (ﬁo - Bi)lXiYi + (Bi)/Xin’ﬂi BLX; X’ﬁo}

i=1
= %iZZZQ (ﬂo—ﬁi) Xz}/;‘f'%i(ﬁi) XX’ ZﬁoXX'ﬂo

=1 i=1 im1
- Zi VAV (50 - @i) XiYi+ :zi (Bi)/XlX{Bi - 7112 (Bi)/Xin{ﬁo

+%Xn: (Bi)lXinﬁo ZﬂoX X8,
=1

_ igziz (80— 5 )XY+ Z( ») xoxt (5 —/Bo)-i'ig( Bo) XiX{f,

Where, by the Cauchy-Schwarz inequality,

ZZZ’(BO 8) x| <11zl ||, - 22| 1wt 2
LS (B xaxt (8- o) | < |2 1 (|3 - o] |* 20
i=1

And

A2 1
Br — Bo ||XX||2H50||2 0

leé (Bi - »30)/ XiXiBo| <

52
Since B, % B,,. This gives us that

l - I 2 _ = 1.2 P
- ; Z:Z!¢ Z VA
And therefore,
% > z,2i8 b B[22/}
1=1

By Slutsky’s theorem and the continuity theorem, then, we have that

Ra (Bn) 2 8o (B0)

That is, it is a consistent estimator.

11



(f) Provide the asymptotic distribution for the GMM estimator based on ¢, (y;, z;; 8) when the weight
matrix is V,, = I.
Solution: When V,, = I for all n, we have that V =1 and V! = I. Therefore,

-1
[Zxz (V) Sg] Sxz (V) B[220 VT Sy [Sx2V T D]

- -1
= [Bxa¥ka] Sxzbo (Z:Zi}] Sk 7 [Px 25 4]

12



Question 4:

For this exercise we use the results of question 3 above. In the excel file ps5q4.xls you are provided
with the data for this exercise. There are six variables in columns 1 through 6 of the file, corresponding to
Y,Z1,...,Ts5, respectively, where x1; =1 forall:=1,... n.

(a) The estimator in this part is based on ¢, (y;, z;; 8) from Question 3.

(1) Provide an estimate for 3, and the corresponding standard errors, based on V;, = I.

Solution: Using ¢, (Y;;X;,5) and V,, =1

A1

B, = arg minQ}L (B)

BEB

Where
w (B) =my, (8) my, (B)

The first order conditions are

~1
e 2 ) <o
Or
(i;;m) i;x (vi-xiB) = o
X'X [X’Y—X’XBH — 0
B, = (X'X)'XY

The estimator for asymptotic covariance matrix is given by

A@) )
a0 )] 4 (e (5 0 () [ 32) 0 ()
(X’

X)) @)W (8) ()

—

Var (Bi)

S|I= 3=

/ [(X’X) (X’X)/} -

=

Where the elements are described in Question 3, part (e).
A A1 1 — A1 A1\
Wl (ﬁn) E Z |:901 (Kina6n> $1 (}/ZJX’Mﬂn) :|

1 [ o) o -x2) o]

Estimates for the parameter vector 3, and the standard errors based on V,, =1

Coefficient Standard Error

B, 1.0169 0.0978
By  1.0004 0.0236
By -1.0104 0.0229
B, 0.4928 0.0220
Bi  -0.4896 0.0253

(2) Provide the optimal estimate for 8, and the corresponding standard errors, based on the optimal
matrix V,.

13



Solution: Using i, (Yi; X;, 6) and V, = 2377, {[sol (visxi8.)] [ (Yi;xi,ﬁl)]'}

Since this is the just identified case, the weight matrix does not affect the numerical estimator: Bn =
(X'X)"' X'y

Since it does not affect the numerical estimator, it also does not affect the estimated covariance of the
estimator. However if we calculated again in Matlab using the formula for V,, we will realize that the results

don’t change.
Estimates for the parameter vector 3, and the standard errors based on the optimal matrix V,,

Coefficient Standard Errors

B 1.0169 0.0978
By 1.0004 0.0236
By -1.0194 0.0229
By, 0.4928 0.0220
Br  -0.4896 0.0253

(3) Compare the two estimates obtained in (a.1) and (a.2).
Solution: Since the estimators in (a.1) and (a.2) are identical, so too will be the estimates and standard

errors.

(b) Repeat the exercise in (a) for ¢, (yi, 2i; 8).
(1) Provide an estimate for 3, and the corresponding standard errors, based on V;, = I.
Solution: Using ¢, (Y;; Z;,8) and V,, = I, we have

Bi = arg minQi (8)

BEB

Where
Qx (8) =m2 (8) m}. (B)

The first order conditions are thus

GOF wilf),, (B.) =0

8/8/ n
1 — 1 < A2
<n§_:1XZ>nZ_;Z (vi-xiB,) = o
X'z {Z’Y—Z’X@ﬂ = 0
Bi = (X'ZZX)'X'z27'Y

From above, we have that the estimator for asymptotic covariance matrix is given by

v (72) A@)
4 (2

= n(X'ZZ'X) X' ZW,y (,B )Z’X (X'ZZ'X)

o P ] TG TACO RN CAA NGO RN Al

-1

Where the elements are described in Question 3, part (e).

n

I/T@(Bi) = % |:‘,02 (yi;zi;ﬁi)wl (yiQZi;Bi)I:|
=1
5 e =) (=)

14
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Using MATLAB to compute the estimates for the parameter vector 5, and the standard errors based on

V=1,
Coefficient Standard Errors

5 11686 0.1577
B2 0.9878 0.0309
B -1.0459 0.0298
B 04873 0.0281
B 05135 0.0349

2) Provide the optimal estimate for 8, and the corresponding standard errors, based on the optimal
0
matrix V,.

Solution: Using ¢, (Y;; Z;,8) and V,, = 237" | { [apz (Yi; Zi,Biﬂ [4,02 (Yi; Zi,Bi)}/} we have

Q% (B) =m2 (B) V3 (B)ym (B)

The first order conditions are given by

1 & 2y 1 .2
=N"x.7 *1( >f ,(._ / ):
(TLZ ? z> ‘/;L,Q ﬂn nZZZ Y; Xzﬁn 0
=1 i=1
52 l —1 (2 ! -1 ! -1 (32 /
B =|xzvis (B) zx| x'zvis (B.) 2y
The estimator for the asymptotic covariance is therefore,

—

o) = ()

Where
{902 (Yi; Zi,Bi) 1 (Yi; Zi,Bi)/}
- iy 2 (vi-xi5) (vi- x4, 2]

Using MATLAB, we get
Coefficient Standard Errors

5 Lot 0.0978
B 0.9961 0.0233
B -1.0168 0.0227
BT 0.4903 0.0219
BE 04875 0.0246

(3) Compare the two estimates obtained in (b.1) and (b.2).

15



Solution: Comparing
Coefficient Standard Errors

5 11686 0.1577
B2 0.9878 0.0309
Br -1.0459 0.0298
B 04873 0.0281
B -0.5135 0.0349
To
Coefficient Standard Errors
5 Lot 0.0978
B 0.9961 0.0233
Br o -1.0168 0.0227
5, 0.4903 0.0219
5. -0.4875 0.0246

We note that the coefficient estimates have changed a little and the standard errors for the GMM
estimation with the optimal weight matrix are lower. This confirms the idea that the optimal weight matrix
is indeed optimal.

(¢) Compare and discuss the differences and similarities between the optimal estimates (and their cor-
responding vectors of standard errors) from (a) and (b).

Solution: For part (a), both estimates are identical. As noted in part (b.3), the coefficient estimates
have changed a little and the standard errors for the GMM estimation with the optimal weight matrix are
lower. This confirms the idea that the optimal weight matrix is indeed optimal.

(d) Construct a consistent estimate for the optimal weight matrix bawsed on the optimal estimate from
(b) and re-estimate the optimal GMM. Discuss the results in comparison with the results obtained in (b).

Solution: A consistent estimator for the optimal weight matrix based on the optimal estimator from
(b) will be

~
)
3w
~—
I

P () o (2052
3 o) () 2]

Using MATLAB, we will have

0.0096 —0.0011 -0.0008 —0.0009 —0.0013
— —0.0011  0.0005 0.0000  —0.0000  0.0000
Var (Bn = | —0.0008 0.0000  0.0005 —0.0000 —0.0000
—0.0009 —0.0000 —0.0000  0.0005 0.0001
—0.0013  0.0000 —0.0000 0.0001 0.0006

And therefore, given this consistent estimate, the optimal GMM estimator will be

~2
by 1.0183
AZ By 0.9960
=1 B | = 10164
5 0.4900
.2 —0.4876
Bs
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(e) Construct the Wald statistic for testing the hypothesis: Hy : 85+ 35 = (3 + 32 based on the optimal
estimates for 3, from both (a) and (b). Discuss briefly your conclusions.
Solution: In order to construct the Wald statistic we first define define

o= 157 ) [0 (3] [ -] =0

LetI'=[0 1 -1 1 —1],79=0 and B = Define h (8) = 83 + 33 — 5 — 2. Then

W T @ Y
N NDW NN = N

4
the null hypothesis is Hy : h (8) = 0. Using the delta method we know that

A (3) _ahﬂ(ﬁ)’ﬁ_ﬁl,

5) — AA(3)a— | 2B
v(p) - ar(p)a- 22|

[ oh(B) T
5
oh(s)
5
[ah(ﬂ) Oh(B) Oh(B) Oh(B) ahw)} [[\ (ﬁ)} ohfo)
By Ba By Pa Ps lp=p oh(s)
8,
()
L B 1p=p
0
R 283,
= [0 28, —285 2B, —2B;],_; [A(ﬂ)} ~ s
28,
=285 1 45-p

Therefore we obtain

FB =% ~ N T8 —=7,¥(Bo))
Using ¢, (Y;; X;, 8) we can replace the know values of T'and +,, we obtain

W= (DB ) [AA (3) a1 (0B - )
(31,2 + 31,4 - B1,3 - 31,5)2

Uy (Bl,2a81,3a31,4731,5)
Wy = 0.2293

W, =

Since W critical value at 95% is 3.8415 | we fail to reject null hypothesis. Using ¢, (y;; 2:;8) we can
replace the know values of I'and 7,, we obtain

Wy = (Féz - 70)1 {A2A2 (Bz) AIQ} - (Fﬁz - ’Yo)
(32,2 + 32,4 - B2,3 - 32,5)2
Wy = —
Uy (ﬁQ,2aﬂ2,3a52,4»52,5)
Wy = 0.2859

Since Wy critical value at 95% is 3.8415 , we fail to reject null hypothesis.
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