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Question 1:
Consider the Generalized Method of Moments (GMM) estimator de�ned in Lecture Note 10:

�̂n = argmin
�2�

mn (�)
0
V �1n mn (�) ;

where
Vn

p! V , a non-stochastic non-singular matrix

mn (�) =
1

n

nX
i=1

' (yi; xi; �) ; and

E0 [' (yi; xi; �0)] = 0:

Note: The proofs should follow the same steps as for the proof of consistency for the MLE. In each step
make sure to state the exact assumption(s) needed for the statement(s) made.
(a) Show that �̂n is a consistent estimator for �0.
Solution: First, de�ne Qn (�) � mn (�)

0
V �1n mn (�). In order to prove the consistency of the GMM

estimator, we need �rst to make the following three assumptions:
Assumption 1 (Uniform convergence): De�ne m0 (�) � E0 [' (Yi; Xi; �)]. Then

sup
�2�

jmn (�)�m0 (�)j
p! 0.

An immediate implication of assumption 1 is that if we de�ne

Q0 (�) � E0 [' (Yi; Xi; �)]0 V �1E0 [' (Yi; Xi; �)] :

Then
sup
�2�

jQn (�)�Q0 (�)j
p! 0.

That is, assumption 1 implies that Qn
p! Q0 uniformly in �.

Assumption 2 (Identi�cation): For all � such that jj� � �0jj � ", Q0 (�)�Q0 (�0) > 0.
Assumption 3 (Continuity): For all n, Qn (�) is continuous in �.
This assumption allows us to use the Mann-Wald theorem to establish that since �̂n = �0 + op (1),

Qn

�
�̂n

�
= Qn (�0) + op (1).

Let " > 0 be arbitrary. Suppose jj� � �0jj � ". By Assumption 2, there exists a � > 0 such that
Q0 (�)�Q0 (�0) � �. This gives us that

Pr
h�������̂n � �0������ � "i � Pr

h
Q0

�
�̂n

�
�Q0 (�0) � �

i
= Pr

h
Q0

�
�̂n

�
�Qn

�
�̂n

�
+Qn

�
�̂n

�
�Q0 (�0) � �

i
= Pr

h
Q0

�
�̂n

�
�Qn

�
�̂n

�
+Qn (�0)�Q0 (�0) + op (1) � �

i
� Pr

hn���Q0 ��̂n��Qn ��̂n���� � �o \ fjQn (�0)�Q0 (�0)j � �gi
� Pr

�
2 sup
�2�

jQn (�)�Q0 (�)j � �
�
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By assumption 2, the right hand side goes to zero as n!1. Therefore,

lim
n!1

Pr
h�������̂n � �0������ � "i = 0

Or �̂n
p! �0. That is, �̂n is consistent for �0.

(b) Show that �̂n is asymptotically normal, that is
p
n
�
�̂n � �0

�
d! N (0; V ).

Solution: Here, we have that

Qn (�) =

 
1

n

nX
i=1

' (Yi; Xi; �)

!0
V �1n

 
1

n

nX
i=1

' (Yi; Xi; �)

!
= mn (�)

0
V �1n mn (�)

If we assume:
Assumption 4 (Interiority): �0 2 int (�).
Assumption 5 (Di¤erentiability): Qn is twice continuously di¤erentiable in �.

This will guarantee that �̂n will satisfy
@Qn(�̂n)

@� = 0. In addition,

@Qn (�)

@�
=

��
@Qn (mn (�))

@mn (�)
0

� �
@mn (�)

@�0

��0
=

@mn (�)

@�

�
2V �1n mn (�)

�
= 2

@mn (�)

@�

�
V �1n

�0
mn (�)

Thus,

2
@mn

�
�̂n

�
@�

�
V �1n

�0
mn

�
�̂n

�
= 0

Or
@mn

�
�̂n

�
@�

�
V �1n

�0
mn

�
�̂n

�
= 0 (1)

Performing a �rst order Taylor expansion of mn (�) around �0, we have

mn

�
�̂n

�
= mn (�0) +

@mn

�
~�
�

@�0

�
�̂n � �0

�
Where ~� 2

����̂n; �0���. Plugging this result into (1), we have
@mn

�
�̂n

�
@�

�
V �1n

�0
mn (�0) +

@mn

�
�̂n

�
@�

�
V �1n

�0 @mn

�
~�
�

@�0

�
�̂n � �0

�
= 0

Or, if we assume

Assumption 6 (Invertibility): The matrix
h
@mn(�)
@�

�
V �1n

�0 @mn(�)
@�0

i
is nonsingular for all � for all n.

Therefore,

p
n
�
�̂n � �0

�
=

24�@mn

�
�̂n

�
@�

�
V �1n

�0 @mn

�
~�
�

@�0

35�1 @mn

�
�̂n

�
@�

�
V �1n

�0p
nmn (�0)

Next note that by the central limit theorem, assuming
Assumption 7 (i.i.d. data): (Yi; Xi) are i.i.d.
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Assumption 8 (Moment Conditions):

V ar0 (' (Yi; Xi; �0)) = E0
�
' (Yi; Xi; �0)' (Yi; Xi; �0)

0�
< +1

Then,

p
nmn (�0) =

p
n

 
1

n

nX
i=1

' (Yi; Xi; �0)

!

=
p
n

0@ 1
n

nX
i=1

' (Yi; Xi; �0)� E0 [' (Yi; Xi; �0)]| {z }
=0

1A
d! N (0;� (�0))

Where
� (�0) = E0

�
' (Yi; Xi; �0)' (Yi; Xi; �0)

0�
If we further assume that
Assumption 9 (Uniform Upper Bound):

E0

�
sup
�2�

��������@mn (�)

@�

��������� < +1
Then by the uniform law of large numbers, we will have

@mn (�)

@�
=
1

n

nX
i=1

@' (Yi; Xi; �)

@�

p! E0

�
@' (Yi; Xi; �)

@�

�
Uniformly in �. Therefore, we have

@mn

�
�̂n

�
@�

p! E0

�
@' (Yi; Xi; �0)

@�

�
@mn

�
~�
�

@�0
p! E0

�
@' (Yi; Xi; �0)

@�0

�
De�ne A (�0) � E0

h
@'(Yi;Xi;�0)

@�

i
. Since Vn

p! V , by the Mann-Wald theorem, we have that V �1n
p! V �1.

Putting this together with Slutsky�s theorem and another application of the continuity theorem, we have24�@mn

�
�̂n

�
@�

�
V �1n

�0 @mn

�
~�
�

@�0

35�1 @mn

�
�̂n

�
@�

�
V �1n

�0 p!
h
�A (�0)

�
V �1

�0
A (�0)

0
i�1

A (�0)
�
V �1

�0
De�ne this quantity to be B (�0).
Using Slutsky�s theorem once again, we have

p
n
�
�̂n � �0

�
d! N

�
0; B (�0) � (�0)B (�0)

0�
Where

� (�0) = E0
�
' (Yi; Xi; �0)' (Yi; Xi; �0)

0�
B (�0) =

h
�A (�0)

�
V �1

�0
A (�0)

0
i�1

A (�0)
�
V �1

�0
A (�0) = E0

�
@' (Yi; Xi; �0)

@�

�
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Question 2:
Consider the following model:

y�i = z
0
i
 + ui;

for i = 1; : : : ; n where ui conditional on zi has a normal distribution, that is,

uij zi � N
�
0; �2v

�
:

De�ne

yi =

�
1
0

if y�i > 0;
otherwise.

(a) Show that Pr (Yi = 1jZi) = �
�
Z0i

�v

�
. Explain why 
 and �v cannot be separately identi�ed.

Denote � = 

�v
, and let �0 be the population parameter.

Solution: First note that if uijZi � N
�
0; �2v

�
, then �uijZi � N

�
0; �2v

�
. Thus

Pr [Yi = 1jZi] = Pr [Y �i > 0jZi]
= Pr [Z 0i
 + ui > 0jZi]
= Pr [�ui < Z 0i
jZi]

= Pr

�
� ui
�v
<
Z 0i


�v

����Zi�
= �

�
Z 0i


�v

�
Suppose we have some alternative model in which

Y �i = Z
0
i

� + �i

Where
� �ijZi � N

�
0; (��v)

2
�

And

Yi =

�
1
0

if Y �i > 0;
otherwise.

Suppose 
� 6= 
 and ��v 6= �v but 
�

��v
= 


�v
. Then

Pr [Yi = 1jZi] = Pr [Z 0i

� + �i > 0jZi]

= Pr [��0 < Z 0i
�jZi]

= Pr

�
� �0
��v
<
Z 0i


�

��v

����Zi�
= �

�
Z 0i


�

��v

�
Thus,

�

�
Z 0i


�v

�
= �

�
Z 0i


�

��v

�
These two models are therefore observationally equivalent. That is, we cannot tell the di¤erence between

the model which has the parameters (
; �v) and the one that has the parameters (
�; ��v). De�ne � = 

�v
.

Then
Pr [Yi = 1jZi] = � (Z 0i�)

(b) Provide the normalized log likelihood function for �.
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Solution: Since YijZi � Bernoulli (Pr [Yi = 1jZi] = � (Z 0i�)), we have

fYi (yijZi) = � (Z 0i�)
yi [1� � (Z 0i�)]

1�yi

The likelihood function is therefore

L (�jYi; Zi) =
nY
i=1

n
� (Z 0i�)

Yi [1� � (Z 0i�)]
1�Yi

o
Taking logs,

logL (�jYi; Zi) =
nX
i=1

fYi log � (Z 0i�) + (1� Yi) log [1� � (Z 0i�)]g

And the normalized log likelihood function is therefore,

1

n
logL (�jYi; Zi) =

1

n

nX
i=1

fYi log � (Z 0i�) + (1� Yi) log [1� � (Z 0i�)]g

(c) Provide the �rst order conditions for �̂n, the estimator for �0.
Solution: Taking �rst order conditions, we have

(�) :
1

n

nX
i=1

8<: Yi

�
�
Z 0i�̂n

���Z 0i�̂n�Zi � 1� Yi
1� �

�
Z 0i�̂n

���Z 0i�̂n�Zi
9=; = 0

Rearranging,

0 =
1

n

nX
i=1

8<:ZiYi�
�
Z 0i�̂n

�
� ZiYi�

�
Z 0i�̂n

�
�
�
Z 0i�̂n

�
+ ZiYi�

�
Z 0i�̂n

�
�
�
Z 0i�̂n

�
� Zi�

�
Z 0i�̂n

�
�
�
Z 0i�̂n

�
�
�
Z 0i�̂n

� h
1� �

�
Z 0i�̂n

�i
9=;

Or

1

n

nX
i=1

8<: Yi � �
�
Z 0i�̂n

�
�
�
Z 0i�̂n

� h
1� �

�
Z 0i�̂n

�i��Z 0i�̂n�Zi
9=; = 0

(d) Show that the estimator obtained by solving the �rst order conditions in (c) can be viewed as a
Method of Moments estimator.
Solution: De�ne

' (Yi; Zi; �) =
Yi � � (Z 0i�)

� (Z 0i�) [1� � (Z 0i�)]
� (Z 0i�)Zi

Here, we note that dim (Zi) = dim (�) and there is no need to use generalized method of moments. As
shown in part (c), �̂n solves

1

n

nX
i=1

'
�
Yi; Zi; �̂n

�
= 0

Assuming (Yi; Zi) are i.i.d. and E0 [sup�2� j' (Yi; Zi; �)j] < +1. Then by the uniform law of large
numbers

1

n

nX
i=1

' (Yi; Zi; �)
p! E0 [' (Yi; Zi; �)]
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Uniformly in �. This gives us that �̂n
p! �0 where �0 is such that E0 [' (Yi; Zi; �)] = 0 if and only if

� = �0. It thus only remains to show that E0 [' (Yi; Zi; �)] = 0 if and only if � = �0

E0 [' (Yi; Zi; �)] = E0

�
Yi � � (Z 0i�)

� (Z 0i�) [1� � (Z 0i�)]
� (Z 0i�)Zi

�
= E

�
E0

�
Yi � � (Z 0i�)

� (Z 0i�) [1� � (Z 0i�)]
� (Z 0i�)Zi

����Zi��
= E

�
fE0 [YijZi]� � (Z 0i�)g

� (Z 0i�)Zi
� (Z 0i�) [1� � (Z 0i�)]

�
Next, we have that E0 [YijZi] = Pr [Yi = 1jZi; �0] = � (Z 0i�0). Therefore,

E0 [' (Yi; Zi; �)] = E

�
f� (Z 0i�0)� � (Z 0i�)g

� (Z 0i�)Zi
� (Z 0i�) [1� � (Z 0i�)]

�
= 0

If and only if � = �0. That is, �̂n is a method of moments estimator.
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Question 3:
Consider the linear model given by

yi = x
0
i�0 + "i

E0 ["ijxi] = 0;

for i = 1; : : : ; n, where xi is a K � 1 vector of regressors, that is, xi =

264 x1i
...
xKi

375.
De�ne the vector

zi =
�
x0i; x

2
1i; : : : ; x

2
Ki; x1ix2i; : : : ; x1ixKi

�0
;

and the following moment functions:

'1 (yi; xi;�) = (yi � x0i�)xi; and
'2 (yi; zi;�) = (yi � x0i�) zi:

(a) De�ne the population parameter vector �0.
Solution: Since E0 ["ijXi] = 0, we have that �0 solves

E0 [YijXi] = X 0
i�0

Or
E0 [Yi �X 0

i�0jXi] = 0

(b) Show that when evaluated at the population value �0;

E0 ['1 (yi; xi;�0)] = 0; and

E0 ['2 (yi; zi;�0)] = 0:

Solution: From part (a), we have that

E0 [Yi �X 0
i�0jXi] = 0

This gives us

0 = E0 [Yi �X 0
i�0jXi]Xi = E0 [ (Yi �X 0

i�0)XijXi] = E0 ['1 (Yi; Xi;�0)]
0 = E0 [Yi �X 0

i�0jXi]Zi = E0 [ (Yi �X 0
i�0)ZijXi] = E0 ['2 (Yi; Zi;�0)]

Since Zi is a function of Xi.

(c) De�ne the optimal GMM estimators for �0 based on '1 (yi; xi;�) and '2 (yi; zi;�), say �̂
1

n; and �̂
2

n,
respectively.
Solution: Based on '1 (Yi; Xi;�), we have that �0 solves

E0 ['1 (Yi; Xi;�0)] = 0

We de�ne the GMM estimator by

�̂
1

n = argmin
�2B

"
1

n

nX
i=1

'1 (Yi; Xi;�)

#0
V �1n

"
1

n

nX
i=1

'1 (Yi; Xi;�)

#

= argmin
�2B

"
1

n

nX
i=1

(XiYi �XiX 0
i�)

#0
V �1n

"
1

n

nX
i=1

(XiYi �XiX 0
i�)

#
= argmin

�2B
(X 0Y �X 0X�)

0
V �1n (X 0Y �X 0X�)

= argmin
�2B

�
Y 0XV �1n X 0Y � �0X 0XV �1n X 0Y � Y 0XV �1n X 0X� + �0X 0XV �1n X 0X�

�
= argmin

�2B

�
Y 0XV �1n X 0Y � 2�0X 0XV �1n X 0Y + �0X 0XV �1n X 0X�

�
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Taking �rst order conditions,

(�) : �2X 0XV �1n X 0Y + 2X 0XV �1n X 0X�̂
1

n = 0

Rearranging

X 0XV �1n X 0X�̂
1

n = X
0XV �1n X 0Y

If we assume that X 0X is invertible, then

�̂
1

n =
�
X 0XV �1n X 0X

��1
X 0XV �1n X 0Y

= (X 0X)
�1
Vn (X

0X)
�1
X 0XV �1n X 0Y

= (X 0X)
�1
VnV

�1
n X 0Y

= (X 0X)
�1
X 0Y

Which is the standard OLS estimator. This shows that OLS is a GMM estimator.
Based on '2 (Yi; Zi;�), we have that �0 solves

E0 ['2 (Yi; Zi;�0)] = 0

Since in general, dim (Zi) = ` > k = dim (�), the generalized method of moments estimator would be
such that

�̂
2

n = argmin
�2B

0"
1

n

nX
i=1

'2 (Yi; Zi;�)

#
| {z }

k�`

V �1n|{z}
`�`

"
1

n

nX
i=1

'2 (Yi; Zi;�)

#
| {z }

`�k

Where V �1n
p! V �1 which is non-stochastic. Plugging in the values

�̂
2

n = argmin
�2B

"
1

n

nX
i=1

(ZiYi � ZiXi�)
#0
V �1n

"
1

n

nX
i=1

(ZiYi � ZiXi�)
#

= argmin
�2B

�
1

n
Z 0Y � 1

n
Z 0X�

�0
V �1n

�
1

n
Z 0Y � Z 0X�

�
= argmin

�2B
(Z 0Y � Z 0X�)0 V �1n (Z 0Y � Z 0X�)

= argmin
�2B

�
Y 0Z � �0X 0Z

�
V �1n (Z 0Y � Z 0X�)

= argmin
�2B

Y 0ZV �1n Z 0Y � �0X 0ZV �1n Z 0Y � Y 0ZV �1n Z 0X� + �0X 0ZV �1n Z 0X�

= argmin
�2B

Y 0ZV �1n Z 0Y � 2�0X 0ZV �1n Z 0Y + �0X 0ZV �1n Z 0X�

Taking �rst order conditions

(�) : �2X 0ZV �1n Z 0Y + 2X 0ZV �1n Z 0X�̂
2

n = 0

Rearranging

X 0ZV �1n Z 0X�̂
2

n = X
0ZV �1n Z 0Y

If we assume that
�
X 0ZV �1n Z 0X

��1
exists, we have

�̂
2

n =
�
X 0ZV �1n Z 0X

��1
X 0ZV �1n Z 0Y
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This is nothing other than the weighted IV estimator with � = X 0ZV �1n . This shows that the weighted
IV estimator is a GMM estimator. Similarly, if we let V �1n = (Z 0Z)

�1, then

�̂
2

n =
�
X 0Z (Z 0Z)

�1
X
��1

X 0Z (Z 0Z)
�1
Z 0Y

= (X 0PZX)
�1
X 0PZY = �̂2SLS

That is, the 2SLS estimator is a GMM estimator.

(d) Provide the asymptotic covariance matrices for �̂
1

n and �̂
2

n, from (c).
Solution: From question 1, part (b), we have that

p
n
�
�̂
1

n � �0
�

d! N
�
0; B (�0) � (�0)B (�0)

0�
Where

� (�0) = E0
�
'1 (Yi; Xi;�0)'1 (Yi; Xi;�0)

0�
B (�0) =

h
�A (�0)

�
V �1

�0
A (�0)

0
i�1

A (�0)
�
V �1

�0
A (�0) = E0

�
@'1 (Yi; Xi;�0)

@�

�
Plugging in the values, we have

� (�0) = E0

h
(Yi �X 0

i�0)XiX
0
i (Yi �X 0

i�0)
0
i

= E0 ["iXiX
0
i"
0
i]

= E0
�
XiX

0
i"
2
i

�
A (�0) = E0 [XiX

0
i] � �XX

B (�0) =
h
��XX

�
V �1

�0
�0XX

i�1
�XX

�
V �1

�0
= ���1XX

This gives us
B (�0) � (�0)B (�0) = �

�1
XXE0

�
XiX

0
i"
2
i

�
��1XX

And therefore p
n
�
�̂
1

n � �0
�

d! N
�
0;��1XXE0

�
XiX

0
i"
2
i

�
��1XX

�
Which is the standard sandiwch form covariance matrix.
For �̂

2

n, we have p
n
�
�̂
2

n � �0
�

d! N
�
0; B (�0) � (�0)B (�0)

0�
Where

� (�0) = E0
�
'2 (Yi; Xi;�0)'2 (Yi; Xi;�0)

0�
B (�0) =

h
�A (�0)

�
V �1

�0
A (�0)

0
i�1

A (�0)
�
V �1

�0
A (�0) = E0

�
@'2 (Yi; Xi;�0)

@�

�
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Plugging in the values,

� (�0) = E0

h
(Yi �X 0

i�0)ZiZ
0
i (Yi �X 0

i�0)
0
i

= E0 ["iZiZ
0
i"
0
i] = E0

�
ZiZ

0
i"
2
i

�
A (�0) = E0 [ZiX

0
i] � �XZ

B (�0) =
h
��XZ

�
V �1

�0
�0XZ

i�1
�XZ

�
V �1

�0
Thus,

B (�0) � (�0)B (�0)
0
=
h
�XZ

�
V �1

�0
�0XZ

i�1
�XZ

�
V �1

�0
E0
�
ZiZ

0
i"
2
i

�
V �1�0XZ

�
�XZV

�1�0XZ
��1

Which gives us

p
n
�
�̂
2

n � �0
�

d! N

�
0;
h
�XZ

�
V �1

�0
�0XZ

i�1
�XZ

�
V �1

�0
E0
�
ZiZ

0
i"
2
i

�
V �1�0XZ

�
�XZV

�1�0XZ
��1�

(e) Provide a consistent estimator for the asymptotic covariance matrix of �̂
2

n from (d). Show that the
proposed estimator is, in fact, a consistent estimator for its population counterpart, using the assumptions
put forward in Lecture Note 10.
Solution: Recall in part (d) that

p
n
�
�̂
2

n � �0
�

d! N (0;�0 (�0))

Where

�0 (�0) =
h
�XZ

�
V �1

�0
�0XZ

i�1
�XZ

�
V �1

�0
E0
�
ZiZ

0
i"
2
i

�
V �1�0XZ

�
�XZV

�1�0XZ
��1

I claim that

�̂n

�
�̂
2

n

�
�

��
1

n
X 0Z

��
V �1n

�0� 1
n
Z 0X

���1�
1

n
X 0Z

��
V �1n

�0 " 1
n

nX
i=1

ZiZ
0
i"̂
2
i

#
�

V �1n

�
1

n
Z 0X

���
1

n
X 0Z

�
V �1n

�
1

n
Z 0X

���1

Where "̂2i �
�
Yi �X 0

i�̂
2

n

�0 �
Yi �X 0

i�̂
2

n

�
. In order to establish this, �rst note that assuming (Xi; Zi) are

i.i.d. and that E [jXiZ 0ij] < +1, by the weak law of large numbers,

1

n
X 0Z =

1

n

nX
i=1

XiZ
0
i
p! E [XiZ

0
i] � �XZ

1

n
Z 0X =

1

n

nX
i=1

ZiX
0
i
p! E [ZiX

0
i] � �0XZ

Also, we know that Vn
p! V , so by the continuity theorem, V �1n

p! V �1. Next note that if we assume
(Zi; "i) are i.i.d. and that E

���ZiZ 0i"2i ��� < +1, then
1

n

nX
i=1

ZiZ
0
i"
2
i
p! E

�
ZiZ

0
i"
2
i

�

10



By the weak law of large numbers. Also, since

1

n

nX
i=1

ZiZ
0
i"̂
2
i �

1

n

nX
i=1

ZiZ
0
i"
2
i =

1

n

nX
i=1

ZiZ
0
i

�
"̂2i � "2i

�
=

1

n

nX
i=1

ZiZ
0
i

��
Yi �X 0

i�̂
2

n

�0 �
Yi �X 0

i�̂
2

n

�
� (Yi �X 0

i�0)
0
(Yi �X 0

i�0)

�

=
1

n

nX
i=1

ZiZ
0
i

��
Y 0i Yi � 2

�
�̂
2

n

�0
XiYi +

�
�̂
2

n

�0
XiX

0
i�̂
2

n

�
�
�
Y 0i Yi � 2�00XiYi + �00XiX 0

i�0
��

=
1

n

nX
i=1

ZiZ
0
i

�
2
�
�0 � �̂

2

n

�0
XiYi +

�
�̂
2

n

�0
XiX

0
i�̂
2

n � �00XiX 0
i�0

�

=
2

n

nX
i=1

ZiZ
0
i

�
�0 � �̂

2

n

�
XiYi +

1

n

nX
i=1

�
�̂
2

n

�0
XiX

0
i�̂
2

n �
1

n

nX
i=1

�00XiX
0
i�0

=
2

n

nX
i=1

ZiZ
0
i

�
�0 � �̂

2

n

�
XiYi +

1

n

nX
i=1

�
�̂
2

n

�0
XiX

0
i�̂
2

n �
1

n

nX
i=1

�
�̂
2

n

�0
XiX

0
i�0

+
1

n

nX
i=1

�
�̂
2

n

�0
XiX

0
i�0 �

1

n

nX
i=1

�00XiX
0
i�0

=
2

n

nX
i=1

ZiZ
0
�
�0 � �̂

2

n

�
XiYi +

1

n

nX
i=1

�
�̂
2

n

�0
XiX

0
i

�
�̂
2

n � �0
�
+
1

n

nX
i=1

�
�̂
2

n � �0
�0
XiX

0
i�0

Where, by the Cauchy-Schwarz inequality,����� 2n
nX
i=1

ZiZ
0
i

�
�0 � �̂

2

n

�
XiYi

����� � jjZ 0iZijj 12 �������0 � �̂2n������ 12 jjXiYijj 12 p! 0

����� 1n
nX
i=1

�
�̂
2

n

�0
XiX

0
i

�
�̂
2

n � �0
������ � �������̂2n������ 12 jjXiX 0

ijj
1
2

�������̂2n � �0������ 12 p! 0

And ����� 1n
nX
i=1

�
�̂
2

n � �0
�0
XiX

0
i�0

����� � �������̂2n � �0������ 12 jjXiX 0
ijj

1
2 jj�0jj

1
2

p! 0

Since �0
p! �̂

2

n. This gives us that

1

n

nX
i=1

ZiZ
0
i"̂
2
i �

1

n

nX
i=1

ZiZ
0
i"
2
i
p! 0

And therefore,
1

n

nX
i=1

ZiZ
0
i"̂
2
i
p! E

�
ZiZ

0
i"
2
i

�
By Slutsky�s theorem and the continuity theorem, then, we have that

�̂n

�
�̂
2

n

�
p! �0 (�0)

That is, it is a consistent estimator.
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(f) Provide the asymptotic distribution for the GMM estimator based on '2 (yi; zi;�) when the weight
matrix is Vn = I.
Solution: When Vn = I for all n, we have that V = I and V �1 = I. Therefore,h

�XZ
�
V �1

�0
�0XZ

i�1
�XZ

�
V �1

�0
E0
�
ZiZ

0
i"
2
i

�
V �1�0XZ

�
�XZV

�1�0XZ
��1

= [�XZ�
0
XZ ]

�1
�XZE0

�
ZiZ

0
i"
2
i

�
�0XZ [�XZ�

0
XZ ]

�1

12



Question 4:
For this exercise we use the results of question 3 above. In the excel �le ps5q4.xls you are provided

with the data for this exercise. There are six variables in columns 1 through 6 of the �le, corresponding to
y; x1; : : : ; x5, respectively, where x1i = 1 for all i = 1; : : : ; n.
(a) The estimator in this part is based on '1 (yi; xi;�) from Question 3.
(1) Provide an estimate for �0 and the corresponding standard errors, based on Vn = I.
Solution: Using '1 (Yi;Xi; �) and Vn = I

�̂
1

n = argmin
�2B

Q1n (�)

Where
Q1n (�) = m

1
n (�)

0
m1
n (�)

The �rst order conditions are

(�) : 2
@m1

n

�
�̂
1

n

�
@�0

m1
n

�
�̂
1

n

�
= 0

Or  
1

n

nX
i=1

XiX
0
i

!
1

n

nX
i=1

Xi

�
Yi �X 0

i�̂
1

n

�
= 0

X 0X
h
X 0Y �X 0X�̂

1

n

i
= 0

�̂
1

n = (X 0X)
�1
X 0Y

The estimator for asymptotic covariance matrix is given by

\
V ar

�
�̂
1

n

�
=

1

n
�̂1
�
�̂
1

n

�
=

1

n

�
Â1

�
�̂
1

n

�
Â1

�
�̂
1

n

�0��1
1

Â
�
�̂
1

n

�
Ŵ1

�
�̂
1

n

�
Â1

�
�̂
1

n

�0 �
Â1

�
�̂
1

n

�
Â1

�
�̂
1

n

�0��1
= n

h
(X 0X) (X 0X)

0
i�1

(X 0X) Ŵ1

�
�̂
1

n

�
(X 0X)

0
h
(X 0X) (X 0X)

0
i�1

Where the elements are described in Question 3, part (e).

Ŵ1

�
�̂
1

n

�
=

1

n

nX
i=1

�
'1

�
Yi;Xi; �̂

1

n

�
'1

�
Yi;Xi; �̂

1

n

�0�

=
1

n

nX
i=1

�
Xi

�
Yi �X 0

i�̂
1

n

��
Yi �Xi�̂

1

n

�0
X 0
i

�
Estimates for the parameter vector �0 and the standard errors based on Vn = I

Coe¢ cient Standard Error

�̂
1

1 1.0169 0.0978

�̂
1

2 1.0004 0.0236

�̂
1

3 -1.0194 0.0229

�̂
1

4 0.4928 0.0220

�̂
1

5 -0.4896 0.0253

(2) Provide the optimal estimate for �0 and the corresponding standard errors, based on the optimal
matrix Vn.

13



Solution: Using '1 (Yi;Xi; �) and Vn =
1
n

Pn
i=1

�h
'1

�
Yi;Xi; �̂

1

�

�i h
'1

�
Yi;Xi; �̂

1

�

�i0�
Since this is the just identi�ed case, the weight matrix does not a¤ect the numerical estimator: �̂

1

n =

(X 0X)
�1
X 0Y

Since it does not a¤ect the numerical estimator, it also does not a¤ect the estimated covariance of the
estimator. However if we calculated again in Matlab using the formula for Vn we will realize that the results
don�t change.
Estimates for the parameter vector �0 and the standard errors based on the optimal matrix Vn

Coe¢ cient Standard Errors

�̂
1

1 1.0169 0.0978

�̂
1

2 1.0004 0.0236

�̂
1

3 -1.0194 0.0229

�̂
1

4 0.4928 0.0220

�̂
1

5 -0.4896 0.0253

(3) Compare the two estimates obtained in (a:1) and (a:2).
Solution: Since the estimators in (a:1) and (a:2) are identical, so too will be the estimates and standard

errors.

(b) Repeat the exercise in (a) for '2 (yi; zi;�).
(1) Provide an estimate for �0 and the corresponding standard errors, based on Vn = I.
Solution: Using '2 (Yi;Zi; �) and Vn = I, we have

�̂
2

n = argmin
�2B

Q2n (�)

Where
Q2n (�) = m

2
n (�)

0
m2
n (�)

The �rst order conditions are thus

(�) :
@m2

n

�
�̂
2

n

�
@�0

m2
n

�
�̂
2

n

�
= 0

 
1

n

nX
i=1

XiZ
0
i

!
1

n

nX
i=1

Zi

�
Yi �X 0

i�̂
2

n

�
= 0

X 0Z
h
Z 0Y � Z 0X�̂

2

n

i
= 0

�̂
2

n = (X 0ZZ 0X)
�1
X 0ZZ 0Y

From above, we have that the estimator for asymptotic covariance matrix is given by

\
V ar

�
�̂
2

n

�
=

1

n
�̂1
�
�̂
2

n

�
=

1

n

�
Â2

�
�̂
2

n

�
Â2

�
�̂
2

n

�0��1
1

Â
�
�̂
2

n

�
Ŵ2

�
�̂
2

n

�
Â2

�
�̂
2

n

�0 �
Â2

�
�̂
2

n

�
Â2

�
�̂
2

n

�0��1
= n (X 0ZZ 0X)

�1
X 0ZŴ2

�
�̂
2

n

�
Z 0X (X 0ZZ 0X)

�1

Where the elements are described in Question 3, part (e).

Ŵ2

�
�̂
2

n

�
=

1

n

nX
i=1

�
'2

�
yi; zi; �̂

2

n

�
'1

�
yi; zi; �̂

2

n

�0�

=
1

n

nX
i=1

�
zi

�
yi � x0i�̂

2

n

��
yi � xi�̂

2

n

�0
z0i

�
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Using MATLAB to compute the estimates for the parameter vector �0 and the standard errors based on
Vn = I,

Coe¢ cient Standard Errors

�̂
2

1 1.1686 0.1577

�̂
2

2 0.9878 0.0309

�̂
2

3 -1.0459 0.0298

�̂
2

4 0.4873 0.0281

�̂
2

5 -0.5135 0.0349

(2) Provide the optimal estimate for �0 and the corresponding standard errors, based on the optimal
matrix Vn.

Solution: Using '2 (Yi;Zi; �) and Vn =
1
n

Pn
i=1

�h
'2

�
Yi;Zi; �̂

2

n

�i h
'2

�
Yi;Zi; �̂

2

n

�i0�
, we have

Q2n (�) = m
2
n (�)

0
V �1n;2 (�)m

2
n (�)

The �rst order conditions are given by

(�) :
@m2

n

�
�̂
2

n

�
@�0

V �1n;2

�
�̂
2

n

�
m2
n

�
�̂
2

n

�
= 0

 
1

n

nX
i=1

XiZ
0
i

!
V �1n;2

�
�̂
2

n

� 1
n

nX
i=1

Zi

�
Yi �X 0

i�̂
2

n

�
= 0

�̂
2

n =
h
X 0ZV �1n;2

�
�̂
2

�

�
Z 0X

i�1
X 0ZV �1n;2

�
�̂
2

�

�
Z 0Y

The estimator for the asymptotic covariance is therefore,

\
V ar

�
�̂
2

n

�
=

1

n
�̂2
�
�̂
2

n

�
= n

�
Â2

�
�̂
2

n

�
V �1n;2

�
�̂
2

n

�
Â2

�
�̂
2

n

�0��1
= n

h
X 0ZV �1n;2

�
�̂
2

n

�
Z 0X

i�1
Where

V �1n;2

�
�̂
2

n

�
=

1

n

nX
i=1

�
'2

�
Yi;Zi; �̂

2

n

�
'1

�
Yi;Zi; �̂

2

n

�0�

=
1

n

nX
i=1

�
Zi

�
Yi �X 0

i�̂
2

n

��
Yi �Xi�̂

2

n

�0
Z 0i

�
Using MATLAB, we get

Coe¢ cient Standard Errors

�̂
2

1 1.0177 0.0978

�̂
2

2 0.9961 0.0233

�̂
2

3 -1.0168 0.0227

�̂
2

4 0.4903 0.0219

�̂
2

5 -0.4875 0.0246

(3) Compare the two estimates obtained in (b:1) and (b:2).
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Solution: Comparing
Coe¢ cient Standard Errors

�̂
2

1 1.1686 0.1577

�̂
2

2 0.9878 0.0309

�̂
2

3 -1.0459 0.0298

�̂
2

4 0.4873 0.0281

�̂
2

5 -0.5135 0.0349

To
Coe¢ cient Standard Errors

�̂
2

1 1.0177 0.0978

�̂
2

2 0.9961 0.0233

�̂
2

3 -1.0168 0.0227

�̂
2

4 0.4903 0.0219

�̂
2

5 -0.4875 0.0246

We note that the coe¢ cient estimates have changed a little and the standard errors for the GMM
estimation with the optimal weight matrix are lower. This con�rms the idea that the optimal weight matrix
is indeed optimal.

(c) Compare and discuss the di¤erences and similarities between the optimal estimates (and their cor-
responding vectors of standard errors) from (a) and (b).
Solution: For part (a), both estimates are identical. As noted in part (b:3), the coe¢ cient estimates

have changed a little and the standard errors for the GMM estimation with the optimal weight matrix are
lower. This con�rms the idea that the optimal weight matrix is indeed optimal.

(d) Construct a consistent estimate for the optimal weight matrix bawsed on the optimal estimate from
(b) and re-estimate the optimal GMM. Discuss the results in comparison with the results obtained in (b).
Solution: A consistent estimator for the optimal weight matrix based on the optimal estimator from

(b) will be

V �1n;2

�
�̂
2

n

�
=

1

n

nX
i=1

�
'2

�
Yi;Zi; �̂

2

n

�
'1

�
Yi;Zi; �̂

2

n

�0�

=
1

n

nX
i=1

�
Zi

�
Yi �X 0

i�̂
2

n

��
Yi �Xi�̂

2

n

�0
Z 0i

�
Using MATLAB, we will have

\
V ar

�
�̂
2

n

�
=

266664
0:0096 �0:0011 �0:0008 �0:0009 �0:0013
�0:0011 0:0005 0:0000 �0:0000 0:0000
�0:0008 0:0000 0:0005 �0:0000 �0:0000
�0:0009 �0:0000 �0:0000 0:0005 0:0001
�0:0013 0:0000 �0:0000 0:0001 0:0006

377775
And therefore, given this consistent estimate, the optimal GMM estimator will be

�̂
2

n =

26666664
�̂
2

1

�̂
2

2

�̂
2

3

�̂
2

4

�̂
2

5

37777775 =
266664

1:0183
0:9960
�1:0164
0:4900
�0:4876

377775
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(e) Construct the Wald statistic for testing the hypothesis: H0 : �
2
2+�

2
4 = �

2
3+�

2
5 based on the optimal

estimates for �0, from both (a) and (b). Discuss brie�y your conclusions.
Solution: In order to construct the Wald statistic we �rst de�ne de�ne

W0 =
h
��̂

2
� 
0

i0 h
	
�
�̂
�i�1 h

��̂
2
� 
0

i
� �2(1)

Let � =
�
0 1 �1 1 �1

�
; 
0 = 0 and �̂

2
=

26666664
�̂
2

1

�̂
2

2

�̂
2

3

�̂
2

4

�̂
2

4

37777775. De�ne h (�) = �22 + �
2
4 � �23 � �25. Then

the null hypothesis is H0 : h (�) = 0. Using the delta method we know that

	
�
�̂
�

= ��̂
�
�̂
�
�0 =

"
@h (�)

�

����
�=�̂

#
�̂
�
�̂
�" @h (�)

�

����
�=�̂

#0

=
h

@h(�)
�1

@h(�)
�2

@h(�)
�3

@h(�)
�4

@h(�)
�5

i
�=�̂

h
�̂
�
�̂
�i
266666664

@h(�)
�1

@h(�)
�2

@h(�)
�3

@h(�)
�4

@h(�)
�5

377777775
�=�̂

=
�
0 2�2 �2�3 2�4 �2�5

�
�=�̂

h
�̂
�
�̂
�i
266664

0
2�2
�2�3
2�4
�2�5

377775
�=�̂

Therefore we obtain

�b� � 
0 � N (�� � 
0;	(�0))
Using '1 (Yi;Xi; �) we can replace the know values of �and 
0, we obtain

W1 =
�
��̂1 � 
0

�0 h
�1�̂

1
�
�̂1

�
�01

i�1 �
��̂1 � 
0

�
W1 =

�
�̂1;2 + �̂1;4 � �̂1;3 � �̂1;5

�2
	1

�
�̂1;2; �̂1;3; �̂1;4; �̂1;5

�
W1 = 0:2293

Since W1 critical value at 95% is 3.8415 , we fail to reject null hypothesis. Using '2 (yi; zi;�) we can
replace the know values of �and 
0, we obtain

W2 =
�
��̂2 � 
0

�0 h
�2�̂

2
�
�̂2

�
�02

i�1 �
��̂2 � 
0

�
W2 =

�
�̂2;2 + �̂2;4 � �̂2;3 � �̂2;5

�2
	2

�
�̂2;2; �̂2;3; �̂2;4; �̂2;5

�
W2 = 0:2859

Since W2 critical value at 95% is 3.8415 , we fail to reject null hypothesis.
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