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Question 1:
Consider the asymptotic distribution of the ML estimator derived in Lecture Note 8. Explain in detail

whether or not
n — a0 n 00

is a consistent estimator for I ().
Solution: Assuming (y;,z;) are i.i.d., we have that by the weak law of large numbers,
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Where in the third to last step, I appealed to the dominated convergence theorem, which requires some
assumptions about uniform upper bounds on the derivative of f (or equivalently, uniform continuity of f).
By Slutsky’s theorem, we have that
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And therefore,
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Is not a consistent estimator for I (0y) = E [s (Y, X;60) s (Y, X; 90)/]. (Where we define s (Y, X;6p) =
n  Oln f(Y;,X;;0
b, St ia]
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Question 2: (Question 3 in Greene, page 522)
Suppose that the joint distribution of the two random variables x and vy is

Pe—(B+0)y z
f(x,y):e—'wy), 8>0,0>0,y>0, 2=0,1,2,...
xZ.

1. Find the MLE for 8 and 6 and provide their asymptotic joint distribution.
Solution: The likelihood function for a random sample from this distribution is

H Qe (B+0)Y: (@y)

i=1

L(B,6;X,Y) =

Taking logs,

n

> " llogh — (B+6) Y; + X log (8Y;) — log X,]
=1

nlogd — (8 +0) iYi +10gﬂiXi + iXilogY; + ilogXi!
i=1 i=1 i=1 i=1

log L (8,6; X,Y)

The first order conditions are thus

Which gives us

And

n
> X
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I
N
=

ﬂML:Zn;

Since we know that, under regularity conditions,

We need only calculate

I (60) = %In (60) = _,E {éﬂogL(éXY)}

9608’

Where 6y = [ go } . The first derivatives of the log likelihood function are
0
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The second derivatives are

dO*logL n
0006 42
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This gives us
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And

Finally, we have that

—1 % 0 -1 92
wor = <[ § % 4]

Thus,

2. Find the MLE for ﬁ and its asymptotic distribution.

Solution: By the invariance principle of MLEs, h =h ( M L). In this particular case,
0 B Orir _ (5 i K)
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]), by the delta method, we
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Since from above, we know that /n ((SML — 50 4 ( [
have that
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Calculating the derivatives,
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Thus, the asymptotic covariance matrix is
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3. Prove that f (x) is of the form

fl)y=y(1—-9)7", 2=0,1,2,...

and find the ML estimator for v and its asymptotic distribution.
—(B+0)y (gy)®
Solution: Recall that f (z,y) = Rl ) iy Integrating with respect to y,

z!

X0 (By) B[
2z \E) g gl —(B+0)y, >
/0 | dy =120 = e y dy
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du = zy* ‘dy
dv = e (F+0ygy
1
— —(B+0)y
vo= — e
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By integration by parts,
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e ydy = — e Y + / e Yy dy
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This gives us
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Define v = 2. Then f (z) =7 (1—7)".



The likelihood function for a random sample is

Hv(l—v)

= P (-yEe

Taking logs
n
log L (v; X) =nlogy+ »_ X;log(1—7)
i=1
Taking first order conditions,
n 1 -
(:iz—-7— X; =0
Yvur 1 —=mr ;

Or
n_o_ 2 iy Xi
VML L =9mer
n—nyyL = VML Z Xi
i=1
. - n

Which is exactly what we would have expected from our result in part (2). Also, as in part (2), we know

that
%%G+Emm>

. d
V(Y —70) = N (0, (Bo+ 60) E [X,]

But what is F[X;]?

EIXj] = > ky1-9"
k=0
11—~ . :
= — (Using Mathematica)
0
_ 15w B
= ; =
gm0
Thus, the asymptotic variance is
GR(+n) o ()
(Bo +00)" 52 (Bo +00)" 52
B
(B + 60)°
4. Prove that \
e N (Ay)*
Pyl =220y 50 a0

x!
Show that f (y|z) integrates to 1. Find the MLE for A and its asymptotic distribution.



Solution: By the definition of conditional probability,
ge—(B+0)y »
flylz) = f(z,y) _ %
f(.’IJ) % [ Jé] :|m
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x!
Define A = 8+ 6. Then,
Ae™ M (Ay)*
f (gl = 22—
Integrating,
(e’ /\e_)‘y /\y x A:chl ) 3
/ 75 ) dy = — / e ’\yyxdy
0 :L.. :Z:. 0
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u = y°
du = zy* ‘dy
dv = e Ndy
]. _A,U
= ——e Yd
v )\e Y
Then, by integration by parts,
[e’e} 1 o0 [e’e}
/ ef/\yya:dy _ |:_e)\yya::| + E / ef/\yya:fldy
0 A o Ao
— f > -y a:—ld
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Proceeding iteratively,
oo r—=1)-----2.1 [
/ eiAyyrdy = r (:I: ))\I / e*)\ydy
0 0
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Thus,

® e M (Ay)” AT oo AT gl
/0 x! dy = x! /0 e ytdy = x! )\“"*‘1:1

In order to find the ML estimator and its asymptotic distribution, I will make use the invariance principle
and delta method. Let A =h(0,8) = 8+ 6. Then, by the invariance principle,

5\ML = BML-F@ML
_ Z?:lXi_F no > Xi+n

YiaYe  XiLYe  XiLY

The asymptotic distribution will be given by
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The asymptotic covariance is thus

0 0 [1] .. B

11 > = 0+ =2
| ][0 E@a]] 1] = %t e

2

= 93+@

6o

= 02+ 600,
= 00(00+,60)

This gives us

vn (XML - )\0) L N (0,60 (8o + By)) -

5. Prove that

fy) =07, y >0, 0>0.
Find the MLE for 6 and its asymptotic distribution.

Solution: We are given that f(z,y) =
e =370 %17 Here, let a = By. Then > }_, (B,fl)k

fly) =

967(54“9)'5’(,83;)"3
! .

= ¢fY, which gives us

k=0

— e (B+O)y i (By)"*

Recall that the Taylor series expansion of

=, e (00 (By)”

x!

k!
k=0

= P~ (B+Oy By

= Qe %

Which is the desired result. We have already computed the MLE for 8, but I will do so again in this
context. Let the likelihood function for a random sample of Y; be

L6;Y) = J]oe
i=1

Taking logs,

et Y Yi

log L (6;Y) znlogG—HZYi

Taking first order conditions,

0): =

Or

i=1

-1
. 1 <
Opmr = | — Y;
I will go about computing the asymptotic distribution slightly differently than above. (Though we could
easily apply the delta method again with h (6,3) = 60.) Computing the Fisher information for 6,,y,,
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Thus,

8210gL} n
o

In (00) = - |: 9006

L (6y) = 7z
0

Therefore,
Vvn (9ML - 90) 4N (0,63)

6. Prove that 5 N
—By
f(wly)=#, B>0, 2=0,1,2,...

Find the MLE for 8 and its asymptotic distribution.
Solution: Here, we have
—(B+0)y Ed
Faly — L@
Y f ) fe=t

e=PY (By)”
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Which is the desired result. Computing the unconditional MLE for 8, which we have already done,
construct the likelihood function for a random sample of X;,Y;.

n_ L —BY; YiXi
Lxy) =[SO
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Taking logs

5
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h
=
I
=

I
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[=BYi + X log (5Y;) — log Xi!]
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<
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The FOCs are:

Which gives us

ﬂML i=1 =1
b, = T
Yia Y
In order to compute the asymptotic variance, we will need to compute the derivatives
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Which gives us

9% log L
_ EX] w1
: 5 Bobo
And )
I (By) = nBoly

And therefore,
Vi (Bars = Bo) = N (0,nBy00)

Alternatively, in order to compute the conditional MLE for 3 (f’), assume that we have a random sample

of {X;} holding Y fixed. The likelihood function is then

i=1 i=1
Taking logs

logL = Z [—ﬁf’ + X, log (m/) _log Xi!}

i=1

= —nﬂff—i—logﬁi)(i —l—iXilogf/ — ilogXi!

i=1 i=1 i=1
The FOC is .
~ 1
o (7)
Or
1 - -
= — Xi = 7’LY
e (7)

buas (V) = 2o X

In order to compute the asymptotic variance, we will need to compute the derivatives

dlog L - R
gg = —nY—&—B(Y) ;Xi
0?log L 1 "
Which gives us
L (%) = 5G]
nE :X,-|)7}




(5 (5)7)

Xl Y ~ Poisson

But since

E[X,.\ﬂ = 8, (f/)f/

And

And therefore,
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Question 3:
Consider the binary probit model given by

Pr(V;=1|X;,=a;;7)=®(z}y), i=1,...,n,

where @ (-) denotes the cdf of a standard normal random variable.

1. Define the population parameter vector .

Solution: The population parameter vector v, is the vector which maximizes the normalized expected
log likelihood function:

1
Yo = arg max F [ log L (’y)]
n
This will become more apparent in part (2) where we derive the sample analog
. 1
4, = arg max — log L ()
n
By the laws of large numbers (under appropriate moment assumptions),
1 b o [1
—logL(vy) = E|~logL(v)
n n
If we assume that our data is i.i.d., then
1
—log L(7) = Elog fy, (il Xi = z:,7)]
And we would have that
Yo = argmaxFE [log fy, (yi| Xi = z;,7)]
¥
2. Define the sample log-likelihood function L () and the first-order conditions for the MLE, say #,,.
Solution: First, note that the conditional pdf for Y; is
i 1-y;
fri (gl Xi = wi,7) = [@ (&))" [1 = @ (2}y)] "

Assuming that {Y;| X; = x;} are independent., then our likelihood function is

L(y{Yi} {Xi}) = fy. (Yil Xi,7)

—.

s
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-
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I

«
I
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Taking logs,
n
log L = [Yilog (® (X}y)) + (1 — Y;) log (1 — ® (X{7))]
i=1
We thus have that

1
4, = argmax—loglL
n

n

= argmax % Z [V;log (® (X[v)) + (1 —Y;)log (1 — @ (X]7))]

i=1

Taking FOCs

Y I 1-Y;
— 2 (XA )X+ = — ' (—(XANX; =
¢ (Xin) +ni§:11—¢’(Xm)( ¢ (Xi¥n)) 0



Where ¢ is the pdf for a standard normal random variable.

3. Find the asymptotic distribution of the MLE, that is, show that

Vi (3 = 70) 4N (0, M)

and provide the exact formula for Ag.
Solution: By the FOCs, we have that

n

1 & olog fy, (Y| Xi,%,) 1
0= = L nLo—= za
o PR

By the mean value theorem, (or more precisely, a first order Taylor approximation around the population

parameter )
n

*%Z L,”yn—iz Wi, o) ZH — %)

=1

Where H (W;,7) = Sgﬁ//,‘ 2 and 7 € 4> Yol- Assuming 2 3" | H (W;,7) is nonsingular,
S H Wi A) Gu =) = 72 i)
A —70) = [—ZH zm)}_ [;Zn:s 17'70]
i=1
is Wi, %o ]

i=1

3\*—‘

Vi (A, =) = l—ZH Z,v] f[

If we assume the appropriate moment conditions, since F [s (W;,v,)] = 0, we have that by the central
limit theorem,

le > s (Wao ] %N 0.V [s (Wiryo))) £ N (0, E [s (Wi v0) s (Wi 30)])

Also, assuming appropriate moment conditions, we have that, by the uniform law of large numbers and
the Mann-Wald theorem,

-1
[_ZH 7,7’7 ‘| ﬂ)E[_H (WiafYO)]_l
By Slutsky’s theorem, then, we have that

. d

Vi (Y, = 70) = N (0, Ag)

Where by symmetry of Hessian matrices,
Ao =E[-H (Wiv’Yo)]_l E [3 (Wi, 7o) s (Wi,’Yo)/] E[-H (Wi,’Yo)]_l
Recognizing that, by the information equality, which I will establish in part (4),
E [_H (Wi7 fYO)] =F [S (W’H 70) s (Wia ’YO)I]
We then have that
Ao = E[-H W)™
-1
= E[ ( ’LaFYO)S( 7,770)]
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4. Provide two alternative estimators for the asymptotic covariance matrix, one that is based on the
Hessian matrix and one that is based on the outer product gradient (OPG). For each of these two estimators,
show that it is a consistent estimator for the asymptotic covariance matrix derived in (3). State clearly all
the assumptions you make in order to show consistency of the estimators.

Solution: First, in order to prove the information equality (we have to do this at least once per quarter,

right?), recognize that

1= [ ol Xi70) s (1)
Since
9 os fy, (1] X %0) L0 (il Xi)
—— 10 i ) 79 - > /| v N i 7 (2]
by 08y Wil Frr (i X, yg) 0y ¥ V12070
o 9
%in (yil Xisv9) = [a,ylogfm(yﬂXi,’Yo) Ty, (wil Xi,70)

If we differentiate both sides of (1) with respect to v and assume that we have uniform continuity of
fvi, (yil Xi,7) (so that we may interchange the order of differentiation and integration by the dominated

convergence theorem)
0
0 = afvfyi (il Xi,v0) dyi

0
= /[&YIngK(yi|Xia'70) Ty (il Xi,v0) dys (2)

Differentiating both sides of (2) with respect to 4" (and once again assuming that we can interchange the
order of differentiation and integration), we have

8210 ] i X,‘, Odlo ] N Xi7 0
0= / [ 8 fyi (ui] Xi: %) (il Xisvo) + 8 fv. (v 70);& (vil Xiyv0) | dyi

ooy Y oy
Or
d%log fv, (yil Xi,70) Olog fv, (vil Xi,v9) O

— : (| X, = - — fvi (yil Xi, 7o) dy;

/ 970 v (il Xi,70) / o 87,fxn(yl Yo) dy

dlog fv, (yil Xi,70) 9log fv; (vil Xi,70)
. s (] X, dy;
= S0 () X) dy

Which gives us the information equality
E [_H (W’L770>] =F [S (le’YO) s (Wia’YO)/] = AO

I claim that the following two estimators are both consistent for Ag :

. " [ 0%log fy, (Yil Xi,4,,)

A 1 _ = 1 In

" Z[ 070y’ }

- dlog fy, (Yil Xi,4,,) 0log fy, (Y| Xi,4,,)
1 o - i n i n

A = nz{ 0y oy

i=1

If we assume that {Y;} are independent, Ag is nonsingular, and

2 e
p [ [ b X |
~er Oy0y
~er Oy Oy
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then by the uniform law of large numbers, we will have that, since ¥,, = 7, (from part (c)),

= Ayt

_9%log fv; (inXmO)]l

A—1 P
An ﬁE{ Oyoy'

and

Alrp [mogfm (yil Xi,70) Olog fy, (Z/z‘|Xi7’Yo)] ! — AL

oy oy’

Therefore by the Mann-Wald theorem, An is a consistent estimator for Ay based on the Hessian and A,,
is a consistent estimator for Ay based on the outer product gradient. (OPG)
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Question 4:

Consider the data provided in ps4q4.xls provided on the class website. In this data file you are provided
with data on y,x1,xo,zs3, and x4, where y;, (i=1,...,n) takes on two possible values 0 (failure) or 1
(success), according to the following model

yi = I (B1 + Baxai + Baxsi + Buxai +€; > 0),

where g;|z; ~ N (0,1), z; = (214, T2, T34, 3041-)/7 and I (+) indicates the usual indicator function. The data
are also stored in the matlab file ps4q4.mat which contains a 500 x 5 matrix with the variables y, 1, 2, T3,
and x4 in the five columns, respectively.

1. Provide the MLE for 8 = (8,, 84, 83, 8,) , say f3,,.

Solution: Here, we have that

Pr(Y; =11 X;] = Pr(B;+ ByXoi + B3X3 + B4 Xui + i > 0] X5)
= Pr(e; > — (81 + B2Xai + B3Xsi + 8, Xai)| Xi)
= Pr(e; < By + 89Xoi + B3Xsi + 5, Xui| Xi)
= D (B + PoXai + B3X3i + B4 Xui)

= 2 (X;0)
Where
1 B1
| X | Bs
X, = X | and 8 = 8,
Xy B4

Thus, this is just a standard probit model. Using STATA to estimate [3 ML, we have

~ML

By = 09217
~ML
By = 1.0207
~ML
By = —0.9670
~ML
B, = 0.4485

2. Provide a consistent estimate for the asymptotic covariance matrix of the estimator derived in (1).

Provide also the sample standard errors for 3,,.
Solution: Since §,, is a MLE, its asymptotic covariance matrix will be given by Ay where

Ao =E [s(W;,By) s (Wi,ﬁo)/]il

A consistent estimator for Ag as shown in part (4) of question 3 is A,, where

[N\El — %i [s (Wi,Bn) s (Wz,Bn)/:|
i=1

And
(o - Pl
Y, - -, -
B Q)(X{An) (XB)X 1—<1>(Xi/§n)¢(XB")XZ
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Estimating this using STATA, we have

0.0488  0.0020 —0.0130 —0.0028
A — 0.0020  0.0120 —0.0082  0.0035
"1 —0.0130 —0.0082 0.0107 —0.0040
—0.0028 0.0035 —0.0040 0.0059

The standard errors are thus

~

/0.0488 = 0.2209
v0.0120 = 0.1095
v0.0107 = 0.1034
V0.0059 = 0.0077

=
I

V)
[

~

T
\_/\_va

V2]
[
=
~
I I

V2]
[

TN TN TN TN
>

=
I

[Va)
[

3. Test the null hypothesis Hy : 55 + 85 = 0 against H; : not Hy.
Solution: For this hypothesis, we will use the following Wald statistic

Wy = (FBML - ’Y)/ (F]\nrl)71 (FBML - ’Y) 2 X2 (r)
Where
F:[O 1 1 0 ],'y:O,andrzl
Or
-1

W, = (BQ+33)2 [0 1 1 0]A,

== O

0

0.0488  0.0020 —0.0130 —0.0028
0.0020  0.0120 —0.0082  0.0035
—0.0130 —0.0082  0.0107 —0.0040
—0.0028  0.0035 —0.0040 0.0059

= (00537 [[0 1 1 0]

O~ =k O

= 04577

Since Wy = 0.4577 < 3.8415 = C;z(l) we fail to reject the null.

,0.05°

4. Provide the elasticities for xs, 3, and x4 when the probabilities are evaluated at the sample average
of x5, x3, and 4.
Solution: Here, we calculate

OE[Yi| X, B] Xa;

e(Vi, Xo;) =
0Xo; Yi lx,—xvi=v
_ . ~MLX
= 0 (XBun) By 5P
0.9217
1.0207 2.0799
= ¢|[1 20799 20651 19346 ] | "o || (1.0207) 07440
0.4485

= (2.8534) ¢ (1.9154)
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Where

1 (1.9154)
19154 ~ —_ X -
N TTERTIE) p{ 2 }
= 0.0637

Thus,
e (Y;, Xo;) = (2.8534) (0.0637) = 0.1818

Proceeding similarly for the other two elasticities,

OF Y| X;, B] Xs;
e(Yi, X3) = %;Z
34 X, =X,Y;,=Y
N AJMLX;g
= ¢(X/5ML)53 v
0.9217
1.0207 2.0651
= o[ [1 20799 20651 1.9346 | | "o | | (~0.9670) 07440
0.4485
= (—2.6841) ¢ (1.9154)
= (—2.6841) (0.0637)
= —0.1710
oF }/7, Xia Xl
eV, Xy) = M -
0Xy; Yi lx,—x,v,=v
_ . ~ML X,
= o (XBun) By 5
0.9217
1.0207 1.9346
= o[ [1 20799 20651 19346 ]| " jgc. | | (0.4485) 07440
0.4485

= (1.1662) ¢ (1.9154)
= (1.1662) (0.0637)
0.0743

5. Consider now the function

818,

B
Provide an estimate for h () and an estimate for its standard error using the delta method.
Solution: By the invariance principle,since h is continuous,

h(B) =

—— BTRT (0.9217) (1.0207)
h(B) = 5 = >— = 1.0061
(g;“) (—0.9670)
By the delta method, we have that
~ML ~ML
Vn B{Mﬂfg —%52 < N (0, Ao)
(") 7
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Where

oh (B) Oh ()
Ay = \% —_—
0 a/@l ar (B) 86
A consistent estimator for Ag is
o O (Bun) — 9 ()
- 85/ ar (ﬁ) 86
Calculating these values,
r IB]\/IL T
2
gML)? 1.0207
(BF‘ML) (=0.9670)2
oh B3 0.9217
el _ <3ML 2 _ (—0.9670)
aﬁl N AJ?C4LAML ~2(0.9217)(1.0207)
BmL 2B ﬁQS (—0.9670)3
(5)
L 0 -
we have that
0.0488 0.0020 —0.0130
A 0.0020 0.0120 —0.0082
A = [ 1.0916 0.9857 2.0808 0 ] —0.0130 —0.0082 0.0107
—0.0028 0.0035 —0.0040

= 0.0277

The standard error is thus \/K =+/0.0277 = 0.1664
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1.0916
0.9857
2.0808

—0.0028
0.0035
—0.0040
0.0059

1.0916

0.9857

2.0808
0



