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Question 1:
This question is based on the multivariate regression model of Lecture note 4. Chamberlain (1984). The
model is as follows: fori=1,... N,
Yy = mxi+ua,
Yir = Tpx;+ur,

where E [u;| z;] = 0, Cov (uir, u;s) = 04 if ¢ = j and Cov (uy, ujs) = 0 if ¢ # j, and
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a. Assume that the relevant matrices are conformable and show the following Kronecker product prop-
erties:

1. (A®B)(C®D)=AC®BD
2. (A®B) =A@ B’
3. If A and B are non-singular, then (A® B) ' = A~ @ B~L.

Solution:
For (1), let A be m x n, C be n x k, and let B and D be conformable. Then we have:

[ a1B -+ ai,B cuD -+ CyD
(A B)(C®D) = : : S :
amB o amnB || ¢ D 1 euD
[ > aieaBD -+ Y aiciBD
L Y ar;u'cilBD R D an’ncikBD
[ Y e e Yo 1iCik
= : : ® BD
L > GmiCit Doy GmiCik
= AC®BD



For (2), let A be m x n and B be n x k. Then we have,

auB e alnB
(A B) = S :
amiB - amnB

a0 anbik apbin 0 apbik
a11bpr o+ anbpk a1nbp1 - Aipbng
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amlbnl e am1 bnk amnbnl e amnbnk i

Taking the transpose:
anbin - a1ibn Gmibir 0 Gmaibp
aitbiy 0 anbuk am1biy o Gmibnk
/
(A B) =

alnbll e CLlnbnl amnbll e amnbnl
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Finally, for (3), assume that A is n x n, B is m x m and both are invertible. Using the result (1)
established above, we have

(AeB)(A'@B™") = (AA'®BB™ ") =([,®1,)=Im
(A7'®@B ) (A®B) = (AT'A®B'B) = (I, ® Inm) = Lum
Therefore, (A@ B) ™' = A~ @ B!
b. Using the Kronecker product notation, we can write the multivariate regression model as:
y={Ie®X)r+u, FEluX]=0 Var(ulX)=Xc Iy,
where X is a T' x T matrix with the s, ¢ elements o ;.

1. Show that the GLS estimator of 7 is given by
= (1 ® (X' X) " X’) y.

2. Show that
Var (7] X) =Y (X'X)"".

3. Suppose that there are linear restrictions on m of the form m = G0, where 0 is an unrestricted parameter
vector and G is a known matrix. Show that the GLS estimator for § can be written as

h=(G'A'G) T G'A ',

where A = Var (7] X).



Solution:
Using the results from part (a), we have for the first part
Fors = (v X)( Z@IN)’1(1®X))_1 IoX) (Sely) 'y
= (I'ex)(='el) (I®X))*1 I'oX) (= wl)y
(1.2 ITeX 1-X) (I''s'eX 1)y
= (=! ®XX) E'eX)y
Lo X)) (= ex)y

(
(2 S e (X'X)” 1X’)y
(I ® ( X’) Y
For the second part,
Var (7rs| X) = Var ( (I ® (X' X)" X') y‘ X)
- (1 ®(X'X)" X’) Var (y| X) (I ®(X'X)" X’)/
- (1 ®(X'x)™" X') (@) (I ® X (X’X)_l)
- (z ®(X'X) X'X (X’X)*l)
= e x'Xx)"".
Finally, for the third part, we have that
y=I®X)G+u

Which gives us that
Var(y| X)=Var (v X)=X&1TI

And therefore,

bors = ((UeX)6) Ren(ex)6) (eX)6) Een™
CUIeX) (= e)IeX)q) ' ¢IeX)(Sal)y
- (@ E'eX'X)e) @ (= ex)y
(G'A7'Q) T E (= e X )y

Since

A%

(2® (X'X) 1)_1 (I®(X’X)_1X’)y
= (e x'X) (Te(x) " X)y

- (E_1®X’X(X’X)_1X’)y

= (T'eX)y

We have that . )
Oars = (G/AilG)_ G A %
Which is the desired result.



Question 2: (Question 6 in Greene, page 376):
Consider the model given by

Yy = o1+ pr;+er
Y2i = a2 + €2i,
fori=1,...,n. Assume that
€ = [ “Li ] ~D(0,%) and ¥ = < on o )
£9; 021 022

Prove that the GLS estimate applied to the system leads to the OLS estimates for cr; and a, but to a
mixture of two least-squares slopes from the regressions of y; on x, and y, on z as the estimator for 5. For
simplicity of the algebra, assume that the mean of the z;’s is zero, i.e., T = 0.

Solution: First, I will put this model into matrix notation.

yii | |1 =z O Og 4| G
Y2i B 0 0 1 €9;

Qg
Stacking over all observations,
] - [ost]) 2]+ [z]
Y2 0 0 ¢ s [Sp)
= XB+FE

Y1 €j1 1 T1
Where y; = , €5 = yJ=12,{=| : | andx =

Yin Ejn 1 Ty

_ _ | 011 O12 | €1 . . .

Here, we have that ¥ = Var (g;) = , Where ¢; = . The variance-covariance matrix

012 022 €2i
for the regression is thus Var (¢) = ¥ ® I,. This gives us the following generalized least squares estimator

> / -1 L -1
Bos = (X' (SN X) X' (SeD 'y

X' ('@ XBars=X' ('@ 1)y
Define the elements of X! as
. gl 12
X0 = 21 22

g (o

Plugging in the relevant values, we have

, A .
i, 8 o1, o'%1, { z 0 OE’GLS
f 0.21[n U22]n 0O 0 ¢ ! GLS
| 0 0] Go,GLS
¢ 0]
— .’El 0 JllIn 012]71 Y1
0 é/ 021[71 J22In Y2
Or
0.115/ 0'126/ . . O.llé/ 0'1261
oy 12, { gal,GLAS +zBars } ol o124 Y1 ]
o2y g2y Lo ars o2l g2y Y2
oL lén grs + o TP g + 020G cLs oWy + o2y,
Ullxlédl,GLS +Ullm/$ﬂGLS +012$/€&2,GLS — Ullm/yl +012x’y2
oW lay grs + 02 W aB oy g + 02 . aLs oMy 4 0Py,



Recognizing that ¢’z = 2’0 = """ | 2; = nz = 0 and ¢'¢ = n, this reduces to

114 12 »
no'tay,grs +notho ars oWy + o'y,
oM wBay g — | ola'y, + o124y,
~ ~ 21 pr 22 p1
no*'én grs + no*as,grs o2 'y + a2y,

The second equation becomes

12
~ ; =1 g 7 \n—1 4
Bars = (@'z) 'y + Pt (z'z) ~ays
A 12 A
= ProLs+ i BaoLs
The first and third equation become (recognizing that o'? = o2!)
oléy grs + 0c%docrs | [ o'y + 0%
124 22 2 =| 12 22
o fo,grLs + 0% az ars 0 Y1 + 0% Y2

Solving each equation for &1 grs, we get

12 o12
areLs = —qr®26Ls t U+ gl
) 022 o2
a,GgLs = ——%ceLs U+ 32
g ag
Or
o2 4_7_’_0127 022 +7+0227
——7¥2.,GLS 1 —T7Y2 = ——7542,GLS 1T 7592
ol i+ ¥ 12 b 1Y
) o2 g22 (g2 22
a2,GLS - 13 = | —/— — —
oIl gl2 2\ jir ~ 12
Go.GLs = Y2
Which in turn gives us
A 022 o 022
Q1.GLS = T 15Y2 1T —75Y92
gz¥2 YT Rl
= U
Putting this all together,
a1,6Ls 0
R . 12
J— g
Bars | = | Brows + ZxbeoLs
Q2,GLS Y2

Recognizing that &1,0rs = 71 — BLOLSQ_C =7 and G2 015 = Y2, we have that

d1,gLs = U1 =0&1,0L5
doGLs = Y2 = Q20Ls
And . R .
Bers =0181,00s 0282015
Which is the desired result.



Question 3 (Question 1 in Greene, page 422):
Consider the two equation model:

Y1i Y1Y2i + B11%15 + Bor®ai + B3 T3i + €14,
Y2i = YolYii + B1aT1i + Boo®ai + B3aT3i + €24,

where

e = [ el ] ~D(0,%) and ¥ = < on o1 )
€9 021 022

a. Verify that neither equation is identified.
Solution:
Rewriting the above model, we have:

Yii —7iY2i = BT+ Borei + BaTsi +en
—Yoy1i t Y20 = Bra®1i + BaaToi + Bao®si + €2
Or
1 — B Pz
[yu y2i][_ 12}2[%1' L2i $3i] Ba1 Baa +[€1i 521‘}
Y1
B31 Bsz
Stacking the observations, we have
1 — b1 Pz
[yl y2}{_ 12]2[331 T2 303] Ba1 Bag +[61 52}
Y1
P31 Baz
And if we rewrite these equations in the form
I1-T
Y = [V X] [ . ] >

= [Y X]A+E

We have that

0 Y2
71 0
A=1 By B
Bar Baa
Ba1 Bso

Here, m = 2, where m is the number of endogenous variables. Let R; be the number of restrictions in
the jth column. The order conditions state that if

R; > m, equation j is overidentified
R; = m, equation j is just identified

R; < m, equation j is underidentified

In this particular example, we have that R; = R = 1 < m, and therefore both equations are underiden-
tified. As a result, in neither equation can the structural parameters be identified.

b. Establish whether or not the stated restrictions are sufficient for identification (or partial identification)
of the model and briefly justify your answers:

1. 621 = ﬁ32 =0.
2. 612 = 622 =0.
3.7 =0.



4. v; =4 and B39 = 0.
5. 012 =0 and B4, =0.
6. v; =0and 012 =0.

7. Bor + B =1.

8. 012 = 0 and By = By = B3 = P32 = 0.

9. 012 =0and By, = By = fay = B3 = f3 = 0.

Solution:
1: Imposing restriction (1), we have:

0 7

71 0

A= P11 Bio
0 By

Bz 0

And therefore, Ry = Ry = 2 = m, which tells us that both equations are just identified.
2: Imposing restriction (2)

0 7
71 0
A= 511 0
Bar O
L Ba1 Bsa ]

Which gives us that Ry = 1 < m, so that equation 1 is underidentified, and Ry = 3 > m, so that equation
2 is overidentified.
3: Imposing restriction (3)

0 7

0 0

A= | B Bro
Ba1 Baa

B3 Bsa

Here, we have that Ry = 2 = m, so equation 1 is just identified. Ry = 1 < m, and we have that equation
2 is underidentified.

4: Restriction (4) is where things start to get interesting. Imposing restriction (4), we have

0 Y2

Y2 0

A= P11 Bia
Bar Baa

Bz 0

Since Ry = 2 = m, we have that equation (2) is just identified. In particular, we can estimate 7o, so in
equation (1), we can treat it as fixed (and hence as an additional restriction). This gives us that Ry =2 =m
and therefore equation (1) is just identified as well.

5: For restriction (5), first note that

0 7

71 0

A= P11 Bia
Bar  Bao

0 PBso



This gives us that Ry = 2 = m or that equation (1) is just identified. Recall that we can express the
variance covariance matrix for the system of equations ¥ = I"QI", where § is the variance-covariance matrix
for the reduced-form model (and is therefore identified). The derivation for this expression is as follows.
For i =1,...,n, we have that

yi I' =z, B + & (1)

1xmMmXm  1xkkxXm  1xm

Where ¢; are assumed to be i.i.d. with E[g;| X] = 0. The variance covariance matrix for the structural
model is therefore

Y =Var (yl| X) =Var (e X) = E[eje;] X]
If we assume that T is invertible, we can postmultiply expression (1) above by I'"! to obtain
yi =z BT+,
Where v; = ;I'"!. The variance covariance matrix for the reduced form model is therefore

Q

Var (y;| X) = Var (v;] X) = E [viv;| X]
E[(07) el x|

= (1Y) Elee| x0Tt
= (rY'x=r!

Or, solving for ¥, we have that ¥ = I"QI'. Adapting this to this particular example, we have the
following:

011 o012 ] _ [ 1 - w11 Wiz )

| 012 022 | | 72 1 w1z waz -7 1

[o11 0 ] _ [ wi —ywi2 wiz — ywee 1 =7

| 0 o2 | | —72w11 t w12 —Yawiz2 + w2 -7 1

[o11 0 ] _ [ w11 —wie — wiz + Yiwag —YoWi11 + Y1YaWi2 + Wiz — VW22
| 0 o2 | | —7Y2wi1 twiz + Y1 YW1z — VW22 VoW1l — YaW12 — YoWi2 + wWao
fon 0 | _ w11 — 27 w12 + Yiwae —Yowi1 + (Y172 + 1) wiz — Yiwae
| 0 o022 | | —Yowi1 + (7172 + 1) wiz — y1wa22 Y3w11 — 27w12 + wa2

Where w11,w12,was are identified. Since equation (1) is identified, we can estimate v, and therefore
treat it as a given. Therefore, we have that

0= —vowi1 + (7172 + 1) w1z — w22
Or

VoW1l — VY1VoWi12 = W12 — Y1W22
Yo (W11 —7wi2) = wi2 — 73wa2
W12 — Y1W22

Y2 =
W11 — V1Wi2

In other words, v, can be expressed as a function of parameters which are identified. As a result, we
can take v, as a given. This gives us that Ry = 2 = m, or that equation 2 is just identified.
6: At first glance, imposing restriction (6) gives us

0 7
0 0
A= | B Pr
Ba1 Baa
Bar Bz



In particular, Ry = 2 = m, which tells us that the first equation is just identified. As for the second
equation, using the derivation from above, we have that

o 0 | _ | win— 27w —YoWw11 + w12
0 o2 —Yow11 + Wiz Yiwil — 2Vwi2 + wao

In particular,

—Yowi1 +wiz = 0
Ny = w12
, = —2
w11

Or 7, can be expressed as a function of parameters which are identified, and therefore, ~, is identified
and can thus be treated as a constant. This gives us that Ry = 2 = m or that equation 2 is just identified.

7: Here, I will make use of the relationship II = BI'~! where II is completely identified, to see if we can
identify the equations. To derive this relationship, recall that we can write the model as

yiFZ.’EiB—FEZ‘,iZ 1,...,’[7,
Assuming T is invertible, we have
vi = ;B '4u,i=1,...,n
= {EiH + V;

Using standard OLS, we can estimate Il = B['~! or B = III". Adapting this expression to this particular
model, we have

B B12 T 712 1 —y
Bar 1= P = 21 T22 { — 1 ? }
Bs1 Bsa T31 T32 !

T11 — 71271 T12 — 71172
= 21 — 72271 T22 — T2172
731 — 73271 732 — 73172

Can we hope to identify 5, in this model?

Bor = T2 — T2

1—By = ma2— T2
This is two equations in three unknowns (85;,71,72), which does not have a solution. Therefore, this
restriction does not help us identify either equation, which gives us that we still have Ry = Ry =1 < m and

both equations are underidentified.
8: If we impose the restriction o159 = 0 and B9 = B9y = B37 = B39 = 0, the model becomes

Yii —V1Y2i = Bri%iui +Eu
—YoY1i + Y20 = Bia%T1i + €2

If we write this model in the form Y = [ Y X ] A+ E, we have that

0 Y2
A - '71 0
611 B12

Can we hope to identify this model by imposing the 015 = 0 restriction? From the derivation above, we
have that

o 0 | _ w11 — 27wz + Yiwas —Yowi1 + (V172 + 1) w12 — Ywa2
0 o2 —Yow11 + (Y172 + 1) wiz — viwae Y3w11 — 27,w12 + wag



Here, we have three equations in four unknowns (011, 022,71, vs):

011 = wii — 271wz + Yiwas
0 = —7vwi + (7172 + D wiz — 7wae
02 = V3wl — 27,wi2 + wa2

This system of equations does not have a solution. Since Ry = Ry = 1 < m, we conclude that both
equation 1 and equation 2 are underidentified.
9: Imposing the restriction 8;; = B9; = Bas = B3; = B3y = 0, the model becomes

Yii —Y1Y2¢ = €1
—YoU1i +Y2i = B1aT1i + €2

Writing this model in the form Y = [ Y X ] A+ E, we see that

0 7
A == ’Yl O
0 Bio

And see that R; =2 = m. Therefore, equation 1 is just identified, and we can estimate v,. Next, using
the restriction o152 = 0, we see that

0= —vow11 + (7172 + 1) wiz — w22
Y2 (wu - ’71w12) = Wiz —Yi1WwW22

W12 — Y1W22

Y2 =
W11 — 71Wi2

Which is a function of parameters which can be estimated. Therefore, «, is identified, and we can treat
it as a constant, giving us that Ry = 2 = m, from which we conclude that equation 2 is just identified.

10



Question 4 (Question 3 in Greene, page 423):
Check the identifiability of the parameters of the following model:

I 72 O 0

Yor 1 Yoz You
[yl Y2 Y3 y4] 0 gy 1 yay

Va1 Va2 O 1

0 Bz Bis Bu
Bor 1 0 Py
[ @1 @y @3 x4 x5 || By Bax Baz 0 |+[e1 e e e |.
0 0 PByz B
0 fBs, 0 O

Solution:
Rewriting the above equation in the form

We have that
0 —712 0 0

—Ya21 0 —Y23 —7V24
0 —V32 0 —V34
Y41 T7a2 0 0
A= 0 /812 513 514

Ba1 1 0 Bas
Bs1 Baz  Bas 0
0 0 Bag  DBaa
0 By 0 0

Here, we have that m = 4, where m is the column/row dimension of I Let R; denote the number of
restrictions imposed in the jth column. The order conditions state that if

R; > m, equation j is overidentified
R; = m, equation j is just identified

R; < m, equation j is underidentified

A quick glance at the matrix A shows us that

Ri = 5> m, equation 1 is overidentified
Ry = 3 < m, equation 2 is underidentified
Rs = 5> m, equation 3 is overidentified
R, = 4= m, equation 4 is just identified

Therefore, we can identify all the structural parameters in equations 1, 3, and 4, but we cannot do so in
equation 2.
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